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PREFACE 


Man's curiosity about the universe in which he lives can be 
traced back to the beginnings of human records. The wonder 
and excitement engendered by this study have been the subject 
of much literature, including poetry (Lucretius, Omar Khayyam, 
Shelley, and many others). In the last fifty years the sub¬ 
ject has become a formal science in the sense that the theor¬ 
ies of cosmology can now be confronted with an increasing 
weight of observational evidence. 

We feel that a subject of such philosophical and scien¬ 
tific interest has much to contribute to our culture and to 
the education of pupils at school and students at University. 
However, the difficulties of the general theory of relativity, 
and of establishing the connection between theory and observa¬ 
tion, have curtailed the use of the subject as an element in 
education. This book represents an attempt to open up the 
path to the frontiers of knowledge in cosmology by using only 
the mathematics of the last school or early University years. 
This simplification is liable to mislead the superficial 
reader, but we have attempted to work largely with equations 
which are in agreement with relativity, though motivated by 
classical or Newtonian insight. Though many new and exciting 
astrophysical results could not be discussed, we have tried 
to give the background into which these discoveries can be 
embedded. In this way we hope that the book will not date too 
rapidly and that the reader will enjoy advancing to quantita¬ 
tive results by simple methods. 


P.T.L. 

D.A.E. 
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INTRODUCTION 

1.1. WHAT IS A STAGE II BOOK? 

All areas of study can be described in ordinary language in 
order to gain preliminary insights. This is as true of his¬ 
torical topics as it is of geographical or zoological ones. 
These accounts can be exciting because they can clarify broad 
areas of knowledge by rapid sweeps of the imagination. Once 
one's interest is aroused in one of these topics one may want 
to make a more detailed study of it. For instance, in his¬ 
tory the documents of the time, in their appropriate language, 
have to be studied, and precise dates have to be supplied. 

In the case of geography the detailed curves traced out by 
rivers under various conditions may be analysed. The growth 
of individual species may be discussed quantitatively in 
biology. 

In this book we are concerned with a subject which in¬ 
volves the natural sciences, and again one first wants to 
understand its broad outlines (Stage I). Stage II involves a 
more quantitative discussion in which simple mathematical 
arguments begin to appear. Stage III is the attempt to reach 
the whole frontier of knowledge by studying the full topic as 
currently understood by the experts. In cosmology we have a 
topic of immense general and philosophical interest, since it 
deals with the development of the universe as a whole. Is 
space finite or infinite? How did the universe evolve into 
its present state, and what is its future? How can our many 
observations of stars, galaxies, pulsars, and other objects 
be fitted into a coherent view of the universe? Such ques¬ 
tions have occupied men since time immemorial, and this book, 
too, deals with them. However, the subject presents aspects 
which are peculiar to it. 

Its first peculiarity is that interest in it is wide¬ 
spread and is easily aroused. In fact there exist several 
expositions which offer excellent and popular introductions to 
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it. In broadly increasing order of technicality we mention 
just a few: 

H. Bondi, The universe at large (London: Heinemann, 1961). 

F. P. Dickson, The howl of night (Cambridge, Mass: M.I.T. 

Press, 1968). 

S.T. Butler and H. Messel (ed.), Man in inner and outer 
space (Oxford: Pergamon, 1969). 

J.D. North, The measure of the universe (Oxford: Claren¬ 
don Press, 1965). 

D.W. Sciama, Modern cosmology (Cambridge University 
Press, 1971). 

Here we assume that the reader f s interest in the subject is 
already aroused, and that he is looking for a more quantita¬ 
tive understanding of the main ideas. Even if he has not read 
any of these books, he is assumed ready for stages II or III. 

In order to be at the frontier of knowledge (Stage III), 
however, the student needs to understand the general theory 
of relativity and this presents formidable obstacles for all 
those who have not attained a rather high level of mathemati¬ 
cal education. If they have, they may turn to the following 
books, again in broadly increasing order of technicality: 

P.J.E. Peebles, Physical cosmology (Princeton University 
Press, 1971) . 

R. K. Pathria, The theory of relativity (Oxford: Pergamon, 

1974). 

G. C. McVittie, General relativity and cosmology , 2nd 

edition (London: Chapman and Hall, 1965). 

C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation (San 
Francisco: W.H. Freeman, 1970). 

S. Weinberg, Gravitation and cosmology (New York: Wiley, 

1972) . 

The following publications deal with various ways of 
gaining an understanding of relativistic cosmology without 
using the full apparatus of general relativity, though none 
follows the path taken in this book: 

M. Berry, Principles of cosmology and gravitation 
(Cambridge University Press, 1976). 

C. Callan, R.H. Dicke, and P.J.E. Peeples (1965). 
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Cosmology and Newtonian mechanics, Am. J. Phys. 33, 
105. 

E.R. Harrison (1965). Cosmology without relativity, Ann. 
Phys. 35, 437. 

P.J.E. Peebles (1969). Cosmology for everyphysicist, Am. 

J. Phys. 37, 410. 

It is clearly of interest to facilitate the passage from 
stage I to stage III by the provision of stage II expositions, 
and this is attempted in this book. As far as we are aware, 
it is the first book which attempts to make the subject 
systematic and quantitative without developing general rela¬ 
tivity, We hope to give the reader a reliable introduction 
without going beyond the mathematics learnt at school. He 
should in fact be able to study research papers in some of the 
aspects of cosmology after perusal of this book. The expert 
will, however, also find new interpretations and connections 
in this book; but he must bear with our attempts to explain 
what we are doing in detail, so that it may be understandable 
to the beginner. 

The second peculiarity of cosmology is that the connec¬ 
tion between the theoretical models and the rapidly increasing 
observational material is rather subtle and needs careful 
explanation. We have not shirked this issue, but have devoted 
Chapters 10 and 11 to this facet of the subject. 

In this first chapter we shall ask: what scientists are 
involved in our subject, and what is a rough description of 
the universe in space and time? 

1.2. PEOPLE 

The cosmologist is someone who seeks to understand the uni¬ 
verse as a whole, in as much detail as is reasonably attain¬ 
able and by scientific means. The qualifying clauses in this 
definition both call for further comment. 

Obviously a description of even the present state of the 
universe which allotted one sentence to each galaxy — of which 
there are at least 10^ — would already be far too detailed 
for the human mind. In practice the cosmologist would be very 
happy with a description of the major kinds of object — stars, 
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quasars, galaxies - in existence. Ideally this would include 
a specification of the radiation they emit, e.g. intensities, 
frequencies, polarizations, angular distributions, and fluc¬ 
tuations in these quantities. From these he might hope to 
infer the masses, temperatures, velocities, etc., of these 
objects. He would also want to know the way these objects 
are distributed in space, and how the objects and their dis¬ 
tribution vary with time throughout the past and future of 
the universe. Much work in cosmology involves far less de¬ 
tailed pictures or models, in which all that is considered is 
the average density of matter and radiation in the universe, 
and its variation with time. As a step towards a more de¬ 
tailed description one would want to consider the average 
densities of the various types of matter (neutrinos, elec¬ 
trons, protons, hydrogen atoms, helium atoms, etc.) as a func¬ 
tion of time and the nuclear reactions by which the elements 
are synthesized. 

The stipulation that scientific means are used rules out 
a wide range of approaches, from the purely philosophical (as 
instanced by the deduction of Parmenides in the fifth century 
B.C. that the universe must be perfect in form and hence 
spherical and unchanging) to the fundamentalist (for instance 
Archbishop Ussher's calculation that the universe was created 
on 23 October 4004 B.C.). However, the range of scientific 
evidence relevant to the cosmologist 1 s search is very wide, 
and he is dependent on the efforts of many colleagues. These 
include the following: 

The physicist , who studies the basic laws - of gravita¬ 
tion, light propagation, nuclear reactions, and so on - to 
which all proposed models of the universe must conform. 

The astronomer , who describes the present appearance 
of the regions of the universe within his constantly increas¬ 
ing range of observation. 

The astrophysicist , who studies the processes occurring in 
and between astronomical objects, and describes their past and 
future development. This includes the atomic processes 
involved in the emission of radiation and the transport of 
energy by radiation, diffusion, convection, etc., through the 
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material of stars. He also studies the effect of processes 
such as turbulence. 

The geologist , who provides information about the age and 
composition of the earth, of lunar rocks and of meteorites 
against which any cosmological theory can be tested. For 
example, the cosmologically deduced age of the universe must 
exceed that of all geological objects. Also, the observed 
and cosmologically deduced abundances of certain chemical 
elements must be in broad agreement. 

The mathematician , who provides techniques for translat¬ 
ing the rather general laws of physics into statements about 
the range of possible models of the universe, and the observa¬ 
tional consequences of each model. 

Such brief descriptions are necessarily rough. In parti¬ 
cular the borderlines between the various disciplines are much 
less well defined than is suggested above, and one scientist 
may fill different roles. There is also a constant interac¬ 
tion between disciplines. When the mathematical consequences 
of a cosmological model are difficult to reconcile with obser¬ 
vational data, for example, a cosmologist may propose modifi¬ 
cations of a physical law which has so far been accepted. 

His reasons may be that these modifications manifest them¬ 
selves only in certain extreme conditions of temperature and 
pressure which occur in cosmology, but not in terrestrial 
experiments, or only in very large physical systems. Such 
modifications are bound to be topics of prolonged debate among 
scientists, since the cosmological reasons for proposing them 
are always rather indirect. They do not have the quality of 
precision which one can attribute to an experiment performed 
in the laboratory. To give specific examples, Dirac [1] pro¬ 
posed in 1937 that the gravitational constant may depend on 
time. Hoyle and Narlikar [2] suggest that the mass of elemen¬ 
tary particles depends on the local density of matter. Such 
ideas are peripheral to this book (but see Section 6.2.3 and 
Appendix B), which assumes the laws of physics to be indepen¬ 
dent of position in time and space. 

We can now say a little more about a cosmologist 1 s tasks. 
A cosmologist is a person who works with pencil and paper — a 
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theoretician. Such a person analyses the results obtained by 
astrophysicists, astronomers, etc., using the laws of physics 
and the manipulative techniques of the mathematician. His aim 
is to create a conceptual framework which is in agreement with 
as wide a range of experimental data as possible. Such a 
framework is called a model . The model can be used by the 
theoretician or other scientists to suggest additional obser¬ 
vations which may in turn lead to a confirmation, refinement, 
or rejection of the model. A simple example of a choice 
between models is furnished by an argument of Eratosthenes 
O. 273-192 B.C.). He knew that the Sun was vertically over¬ 
head at noon on a certain day at Syene (Egypt), and made an 
angle of 7° with the vertical at noon on the same day at 
Alexandria, which is about 800 km distant. This observation 
is consistent with a number of models for the shape of the 
Earth, two of which are (i) that the Earth is flat and that 
the Sun is relatively close; and (ii) that the Earth is spher¬ 
ical, with a circumference of (360°/7°) x 800 km, and the Sun 
very distant. Since there were other reasons for believing 
the Earth to be spherical, he chose the second model and 
accordingly estimated the circumference of the Earth at about 
41 000 km, which is quite a good estimate by present stand¬ 
ards. The two models are illustrated in Fig. 1.1. 




FIG. 1.1. Models of the Earth—Sun relationship available to Eratosthenes, 
(a) Flat Earth, Sun at distance D = (800 cot 7°) km = 6515 km. (b) Spher¬ 
ical Earth, circumference of Earth = (800 x 360°/7°) km = 41143 km. 
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1.3. THE FRAMEWORK OF THE UNIVERSE AND ITS CONTENTS 
As the astronomer directs his attention outside the solar 
system, the most conspicuous objects to meet his view are 
the stars. For most of history these have appeared as a con¬ 
stant background against which the planets move. Galileo, 
using the newly invented telescope, discovered the existence 
of many faint stars, invisible to the naked eye, and in par¬ 
ticular those forming the faint band of light forming the 
Milky Way. Herschel in the eighteenth century proposed that 
the solar system is inside a large roughly disc-shaped system 
of stars, which may be called 'our galaxy*. The Milky Way is 
then simply the large number of stars in the plane of our 
galaxy. It contains around 10 11 stars, and the solar system 
is about two-thirds of the way out from the centre to the 
edge. 

As well as the stars, a few faint luminous patches or 
nebulae are visible to the naked eye, and many more in a 
telescope. Because of the disc-like appearance of some nebu¬ 
lae, Kant suggested that they were star systems of the same 
order of size as our galaxy, but far beyond it. Other obser¬ 
vers considered that the nebulae were all local objects. This 
question was resolved in the 1920s when Hubble studied the 
Andromeda nebula and estimated its distance as 800 000 light 
years, putting it well outside our galaxy and suggesting that 
it is comparable to it in size. Many such star systems have 
since been identified. They are known as galaxies, and the 
term nebula now tends to be reserved for regions of luminous 
gas within galaxies. Our galaxy will be referred to as the 
Galaxy with a capital G. 

A new picture of the universe had now emerged. Since 
stars were not uniformly distributed in space but were clus¬ 
tered together in galaxies, perhaps galaxies themselves should 
be regarded as the basic building blocks of which the universe 
is formed? Hubble estimated the distances of a large number 
of galaxies, and found that they occur in clusters. However, 
the average density of galaxies in space, on a large enough 
scale, did not seem to vary with distance from the Earth. On 
this scale, therefore, the universe appears to be uniform, and 
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the galaxies (or clusters) form convenient reference points in 
this roughly uniform framework. 

Before Hubble's confirmation that the Andromeda nebula is 
an external galaxy, Slipher in 1912 had shown that this galaxy 
was approaching the Earth at a speed of about 200 km s" 1 . The 
observational basis for this is a shift in the frequency of 
light absorbed by certain atoms in the stars of the galaxy, 
compared to light absorbed by atoms of the same type in the 
Sun or nearby stars, or in the laboratory. As discussed in 
Section 10.2 below, such a shift can result if the galaxy in 
question is approaching the Earth or receding from it. An 
approaching galaxy has its light shifted to higher frequency, 
that is, towards the blue end of the spectrum, and this is 
described as a blue-shift; conversely light from a receding 
galaxy is lowered in frequency and experiences a red-shift. 
Measurements on a number of galaxies followed Slipher's ori¬ 
ginal observation, and in all but a few cases red-shifts were 
found, indicating a predominance of motions away from the 
Earth. Finally, in 1929, Hubble established that, except for 
random motions, and effects of the rotation of our own Galaxy, 
every galaxy observed out to a distance of six million light- 
years is receding from the centre of our Galaxy with a speed 
proportional to its distance. These galaxies are therefore 
continually becoming more distant from us or from the centre 
of our Galaxy and therefore from each other. If the galaxies 
are indeed the basic framework of the universe, the conclusion 
is clear: the universe is expanding! 

The dramatic nature of the conclusion becomes evident if 
one looks backward in time. Each galaxy has at present a 
speed of recession which is proportional to its present 
distance from us. 


where H is known as the Hubble parameter and the subscript 0 
indicates the present value. Observations suggest that H is 
roughly the same for all galaxies at the present time, 
although it may vary with time. This is Hubble's law. 
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In order to understand the meaning of the quantity tf Q , 
let it be assumed that each galaxy has been moving away from 
us with its own characteristic speed which is constant in 
time. Then the distance of any one galaxy from us was zero 
at the Hubble time t given by 


t 




( 1 . 2 ) 


and this is the same for all galaxies. Although these equa¬ 
tions are based on classical ideas of space and time, they 
continue to be valid in special and general relativity pro¬ 
vided velocity and distance receive appropriate interpreta¬ 
tions, as discussed in Section 10.8. 

It would be wrong to infer that all galaxies were over¬ 
lapping in some volume V of space a time t^ ago. In the first 
place, each galaxy might have a transverse velocity, which 
would, in general, depend on time. These velocities are at 
present believed to be small, but if they act for periods of 
the order they are liable to ensure that a given galaxy 

may never have been in the volume V . Rotating model universes 
are of this type. In the second place, gravitational attrac¬ 
tion will slow down the recessional velocities of all galaxies 
and may do so to a different extent for different galaxies. 
This may mean that even those galaxies which have been in the 
volume V have not necessarily been there at the same time. 

This possibility is normally disregarded as it implies a 
breakdown of Hubble's law in the past. 

In the simpler cosmological models of Section 6.2 it is 
assumed that 

(i) the motions of the galaxies are radial with res¬ 
pect to us, 

(ii) the Hubble law (1.1) is valid not only now, but at 
all times, 

(iii) gravitation is the dominant force and acts so as 
to slow down the expansion. 

The resulting models then indicate a time before the pre¬ 
sent at which all galaxies were at zero distance from each 
other. Because of (iii) the speed of recession of each 


10 


INTRODUCTION 


galaxy was greater in the past, and therefore £_<£ . A more 

U H 

realistic description would be that the galaxies formed out of 
less structured matter (probably hydrogen atoms), but the 
expansion of the universe must have started before the period 
of galaxy formation and can in fact be traced back to an ini¬ 
tial very dense state, the so-called ’big bang' or ’singular¬ 
ity’. Because such states are not accessible to laboratory 
investigation, it is not certain whether currently accepted 
laws of physics apply to them, and it is a matter of taste how 
far back in time one is prepared to trust such models. There 
are wide variations among scientists on this score. It is 
agreed, however, that the early states of the universe were so 
dense that stars and planets as we know them could not exist. 
Thus t q cannot be less than the age of the Earth, estimated by 
geologists to be at least 4 x 10 9 years. Hubble’s initial 
value for t H was only 2 x io 9 years, putting cosmologists in 
some difficulty. However, Baade in 1952 showed that Hubble’s 
estimated distances, and therefore also t H , were wrong by a 
factor of about 5, due to his having wrongly identified the 
stars in external galaxies whose brightness he had used as an 
indicator of distance. At present t u is believed to lie in 

the range from 1.5 x io 10 to 2 x io 10 years, comfortably 
greater than the age of the Earth. 

At the beginning of the 1930s, therefore, the universe 
was believed to consist of a large number of galaxies, dis¬ 
tributed uniformly in space apart from local clustering, and 
moving apart in such a way that for every position in space 
a specific speed of recession is defined by eqn (1.1). More 
recent observations have left this picture broadly unchanged, 
but have added to it, first by extending the range of vision 
to include more distant galaxies, and secondly by revealing 
new types of astronomical object, some of which can be obser¬ 
ved at even greater distances than can ordinary galaxies. 

The extended range of vision is of great importance because we 
see distant objects by light which left them a long time ago, 
and are therefore observing a very ancient state of the uni¬ 
verse. Such observations should in principle make it possible 
to evaluate the merits of different cosmological models, but 
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in practice there are difficulties of interpretation, as dis¬ 
cussed in Chapter 11 below. For the present we will content 
ourselves with describing some of the newer types of object. 

Radio galaxies are galaxies in the normal sense, i.e. 
large star systems, which emit huge amounts of energy in the 
radio wavelengths. The ordinary (i.e. visible) stars in an 
ordinary galaxy emit about 10 erg s in radio waves as 
opposed to about 10 44 erg s * in visible light. Radio gal¬ 
axies, by contrast, emit about 10 4 ^ erg s 1 in radio waves. 

The mechanism of this emission is not understood. It seems 
likely that it involves catastrophic events in the centres of 
galaxies, where the star densities are highest, and photo¬ 
graphs of such galaxies often show gaseous filaments emerging 
from the centre as if from a large explosion. For the cosmo- 
logist these galaxies are of interest as a class of objects 
which can be detected by radio telescopes at very large dis¬ 
tances . 

Quasi-stellar objects are also powerful radio sources, 
but have an optical appearance closer to that of a visible 
star than a galaxy. They also have typically very large red- 
shifts, indicating by the Hubble law that they are at great 
distances. This means that their total radio power output 
must be very high to produce the observed radio signal 
strengths. On the other hand, their physical size is believed 
to be much smaller than that of a galaxy, because their radio 
output can change significantly in a few years. This means 
that their diameters must be at most a few light years, other¬ 
wise differences in the travel time of radio waves would smear 
out the observed change in output. The combination of high 
radio output and small physical size has proved very difficult 
to explain, and it has been argued that quasi-stellar objects 
are not at cosmological distances and that their red-shifts 
arise either from their own gravitational fields or from high 
speed motion resulting from a nearby explosion. Recent obser¬ 
vations, however, suggest that these objects are associated 
with the centres of distant galaxies and may in fact represent 
one stage in the life of a particular type of galaxy. If so, 
their distance and energy output make them of interest to the 
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cosmologist in the same way as radio galaxies. 

Pulsarsj neutron stars, and black holes may be classed 
together as recently discovered objects, having in common 
that they represent an extremely dense state of matter. Pul¬ 
sars are radio sources which emit pulses having an extremely 
constant period of theorder of 1/30 second to 1 second. The 
shortness and constancy of the period mean that a pulsar must 
be a small (diameter less than 1/30 light-second or 10 000 km) 
and solid object. From studies of the pulsar in the Crab 
nebula and others,it has been concluded that pulsars are to be 
identified with neutron stars — stars which have suffered a 
violent explosion, lost a great deal of their mass and energy, 
and contracted to a diameter of a few tens of km. Such a star 
has a density of about 10 14 gm/cm 3 . If a more massive star 
runs out of its nuclear fuel and cools down, its own gravita¬ 
tion can compress it to even higher densities than those of 
neutron stars. At a certain point in this process the 
'escape velocity 1 , that is the speed which a particle emitted 
at the surface must have to leave the star entirely, may 
exceed the speed of light. From then on no light ray and no 
material object can leave the star, which becomes a black 
hole - an entity capable of swallowing without trace any 
object that approaches it too closely. Before it disappears, 
matter falling into the star is greatly accelerated and com¬ 
pressed by the star's gravitational attraction and would be 
expected to emit radiation. The foregoing description is 
speculative — it is claimed that black holes have been detec¬ 
ted by their X-ray emission but other interpretations of the 
data are no doubt possible. These objects can be readily 
detected only if they are within our galaxy. They are clearly 
of great astrophysical interest, but have less bearing on cos¬ 
mology. A black hole, if at close enough range to be studied 
intensively, would be of great importance to general relativi¬ 
ty, and so indirectly to cosmology, because its intense gravi¬ 
tational field would give opportunities for severe tests of 
this theory. 

The microwave background radiation , though not an object 
in the usual sense, is an important constituent of the uni- 
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verse. Gamow [3] had suggested in 1946 that the early stages 
of the universe had been hot as well as dense, and that large 
amounts of radiation were present as well as matter. In a 
finite universe embedded in an infinite Euclidean space the 
radiation, travelling at the speed of light, would outpace all 
the galaxies and now be beyond detection. There would, how¬ 
ever, be no way for radiation to leave an infinite universe, 
or a finite universe which fills a curved non-Euclidean space 
(see Section 2.3), and the radiation must then still be pres¬ 
ent unless absorbed by matter. Its effective temperature 
would have dropped, as a result of the expansion of the uni¬ 
verse, to a few degrees above absolute zero, but it should 
still be detectable at wavelengths of a few centimetres. Such 
a radiation field was in fact discovered in 1965 [4], and 
observations have been made since at a number of wavelengths. 
The importance of the radiation to cosmology is twofold. 
Firstly, its present temperature is one more piece of informa¬ 
tion towards understanding the early history of the universe. 
Secondly, its intensity is isotropic to a very high degree, 
that is it comes equally from all directions in space. This 
fact has been used by Collins and Hawking [5] to show that any 
rotation of the universe as a whole is limited to angular 
velocities less than 10" 10 seconds of arc per century. 

1.4. THE UNIVERSE IN TIME 

We now turn from a rough outline of the universe in space to 
an outline of its development in time. This section intro¬ 
duces in a simple form some of the basic ideas discussed, in 
greater detail, in Chapters 4-6 and 9. Consider a simplified 
model universe consisting of a set of n particles which move 
radially in a manner defined by a universal function of time 
i?(t), the same for all•particles, so that the position vector 
of the ith particle at time t is 

T i (t) = /?(t) a. , (1.3) 

a. being constant for each particle. Eqn (1.3) is equivalent 
to (2.4), provided we take /?(t) to be a constant multiple of 


14 


INTRODUCTION 


the scale factor tf(t) introduced there. Eqn (1.3) therefore 
follows from the Hubble law; it also implies the Hubble law in 
the sense that the speed of the i th particle is v . = R(t)a . = 
(tf (£)//?(t))r^., and vJr^ is the same for all particles. The 
kinetic energy T of the system can now be found. If m. is the 
mass of the -tth particle, then 


T 


l 


i = l 


1 

2 


2 

m .v . 



1 

-~m .a 
2 ^ 



2 


AR 


Also the gravitational potential energy of the system is, as 
discussed in Chapter 3, a sum of terms 

Gm .m . Gm .m . 

- v J = . , , y J 

I j I la i~ a j I 

and is therefore of the form (-B/#) with B a positive con- 
stant. The total energy is 


E = AR 2 -B/R = A{R 2 -C/R } 


(1.4) 


if we define C = B/A. Detailed calculation (Section 5.1) 
shows that 


c « pff 3 (1.5) 

where p is the density of the system. 

If we consider only the n particles, the density (mass 
per unit volume) varies with time as since the mass of 

any set of the particles remains constant while the volume 
varies as /? 3 . However, a realistic model universe must also 
contain radiation in the form of photons, and the energy of 
these photons contributes to the mass of the universe and so 
to its gravitational potential. Because of the red-shift the 
frequency of each photon varies with time as l/R (see eqn 
(10.44)); the energy of each photon is Planck's constant h 
times its frequency and therefore also varies as l/R. Since 
the number density of photons varies as l/R 3 , the energy 
density and the mass density of radiation will vary as 1/fl 4 : 
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p (photons) P r ^ ’ ^(matter) P m R ’ 

P„/P m a fi’ 1 • 
r m 


( 1 . 6 ) 


Since the mean energy of a set of photons is a measure of its 
temperature T , the foregoing implies that 


T = T <x r 

(photons) r 


(1.7) 


The reader may wonder why the photon density should be in 
the least affected by the function R(t) which was defined in 
terms of the motion of the particles. The reason derives 
from the uniformity of the universe. Consider an imaginary 
box whose corners are located on, and move along with, a set 
of the particles (which we identify with galaxies). The vol¬ 
ume of the box varies with time as /? 3 . Photons will cross 
each face of the box in both directions, but on average , if 
the universe is to remain uniform, the number entering the box 
must equal the number leaving. Therefore the number of pho¬ 
tons in the box remains constant (apart from interactions with 
matter in the box), and the number density therefore varies as 
l/R 3 . The foregoing applies to the background radiation, 
which has not interacted significantly with matter since very 
early times, rather than to radiation emitted by stars. 

Eqn (1.6) points to a distinction between two stages in 
the history of the universe. At present the density of matter 
is much greater than that of radiation: p = and so from 

eqns (1.5) and (1.6) 


constant (matter-dominated era). 


( 1 . 8 ) 


As one goes back in time the ratio p /p increases — the mean 
energy and temperature of the background radiation increases. 
Eventually a time is reached before which the radiation density 
was much greater than that of natter: p = p r >p m , and so 

C a p i? 3 a l/R (radiation-dominated era). (1.9) 

r 
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The matter-dominated era covers most of the past history 
of the universe and is the subject of all but Chapter 9 of 
this book. In it eqn (1.4) holds with C constant, and one can 
differentiate to find the rate of acceleration of the expan¬ 
sion : 


0 = 2 RR + C R/R 2 > i.e. R = -C/2R 2 . (1.10) 

Evidently the expansion is slowing down. A dimensionless 
measure of the rate of slowing down is the deceleration para¬ 
meter q (see Section 4.6), defined by 

q = -RR/R 2 = C/2RR 2 ; R 2 = C/ZRq. (1.11) 

Substituting this expression for R into eqn (1.4) gives an 
alternative form of the energy equation: 

E = A{C/2Rq - C/R) = (B/R){l/2q - 1}. (1.12) 

This result in conjunction with (1.4) is quite informa¬ 
tive, for it shows that two main cases must be distinguished. 

If q>h the total energy is negative; the gravitational poten¬ 
tial energy dominates the kinetic energy and there is enough 

mass to cause the system to stop expanding and to contract. 

• o 

One can see this from R = C/R+E/A , since if E is negative 

• 2 

R becomes zero at a finite value of R. If q ^ the total 
energy is positive or zero. In these cases there is not 
enough mass present to force a contraction; R is not zero for 
any finite R, and the system expands indefinitely. The future 
of the universe for this simple model is essentially deter¬ 
mined by the present value of q (see also Section 6.2), and 
its observational measurement is therefore an important task 
for astronomers. Some problems of observation are discussed 
in Chapter 11. 

The radiation-dominated era lasts for a time of the order 
of half a million years (see Table 1.2). In it the function R 
is so small that AC/R>E , and so eqns (1.4), (1.5), (1.6) imply 
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R = “ 1/S, SS = constant, 

and, measuring time t from the instant at which R is zero, 

R a /t, 7 r a 1//? a l//t. 

Thus the universe cools rapidly from initially very high tem¬ 
peratures when the main constituents of the universe are 
believed to be leptons though baryons must also be present 
(see Table 1.1). As it cools, more complicated structures 
become stable; first hydrogen and its isotopes deuterium and 
tritium, then helium and the heavier elements. Later galaxies 
and stars are formed. This is illustrated in Table 1.2. 

The abundances of the elements deduced from various big- 
bang models can be compared with those observed in meteorites, 
moon rocks and on Earth, and hence act as a check on the 
models. Of course those elements are of special interest 
which are believed to have been manufactured only in the era 
of cosmological nucleosynthesis (and not later in stars), 
notably helium and deuterium. The abundance of the latter 
provides a particularly important constraint on the cosmologi¬ 
cal models. For if the universe was too dense at the key 
time, the deuterium would have been converted into helium so 
efficiently as to lead to too low a deuterium abundance. 

Hence for the big-bang nucleosynthesis to manufacture enough 
deuterium, it is necessary for the density of matter in the 
universe to be low enough. If deuterium can be made in 
supernovae, as has been envisaged recently [6], the constraint 
it provides on model universes would of course be relaxed. 

The radiation from the early universe should by now have 
expanded to such an extent that its temperature has dropped 
to as low as about 3 K. This is believed to be precisely the 
microwave background radiation which has been detected 
recently (see Section 1.3). 

Most of the elements in the universe are believed to have 
also been made in the course of thermonuclear reactions in the 
stars, and this stellar nucleosynthesis must be added to the 
cosmological nucleosynthesis. The stellar processes seem to 
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TABLE 

The elementary 

Particles with a continuing existence 
i.e. they are constant in number. 

They can be created (or destroyed) only if an appropriate antiparticle 
is simultaneously created (or destroyed). For example, the neutron n 
decays to a proton p, an electron e and an antineutrino v: n+p+e~+v; 
this conserves the number of baryons (one, before and after) and creates 
a lepton-antilepton pair: e +v; particles are counted positive, anti¬ 
particles negative, so the total number of both leptons and baryons 
remains constant. 

They are all fermions. 


LEPTONS BARYONS 


mass: light 

mass: heavy 

QUARKS 




J electron e~ 
neutrino v 

1 nucleons(P rotcm P 
(neutron n 

u,d,s,c 

Conjectured as an 
of the observed 

strange baryons: A,E 

muon v 

doubly-strange baryons; S 


muon-neutrino v 

U 

triply-strange baryons: ft 

charmed baryons 

Baryon = 3 quarks 
bound by 
gluons 


plus excited states 


Hadrons: particles sensitive 


Can be involved in 


Can be involved in the 


Can be involved in the 


The 1930 table would have had only the three entries in dotted boxes. 
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1.1 

particles* * 


Particles which are carriers of interactions 

i.e. they are required to carry forces between particles; they may also 
exist on their own. 


Their number is not constant: they may be created (or destroyed) in 
interactions. 

For example, photons can be emitted (or absorbed) by atoms: the number 
of photons does not remain constant. 


They are all bosons . 



MESONS 

INTERMEDIATE 
VECTOR BOSONS 

PHOTONS 

GRAVITONS 


(carriers of 
strong inter¬ 
action) 

mass: medium 
to heavy 

(carrier of 
the weak 
interaction) 

mass: very 
heavy 

(carrier of 
electro¬ 
magnetism) 

mass: zero 

(carrier of 
gravity) 

GLUONS 



pion n 

(W + ) 

s 

? 

interpretation 
hadrons: 

kaon 

n,o>.... 

(Z°) 

on 



Meson = quark+ 
anti- 
quark 


(not yet 
observed) 




plus excited 
states 


to the strong interaction 


the weak interaction 


electromagnetic interaction 


gravitational interaction 

*We are indebted to Dr. J.G. McEwen, Physics Department, Southampton 
University, for his help in the design of this table. 
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TABLE 

A short history 
(Numbers represent 



Time 

(s) 

Temperature 

(K) 

Densi 

(g/cnT 



Radiation 

Matter 

Big bang 

0 




Quantum era 

Hf 43 




Lepton era 

-4 

2x10 

10 12 

sxio 13 

3xl0 5 


1 

10 10 

10 s 



24 

4xl0 9 

2 X 10 3 

io ' 3 

Radiation 

era 

1000 

5xl0 8 

1 



.o 8 

io 6 




3x10* 1 

4 

3x10 

l(f 17 

io - 17 


2x 10 13 

3000 

io ' 21 

io * 20 

Matter 

era 

4xl0 17 

2.7 

4xl0‘ 34 

5xl0' 30 



1 


year = 3.156x10 s. 
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1.2 

of the universe 
rough guides only) 


Photons 


Neutrinos 

(quarks?) 


Unphysical 


Not understood 


Many elementary particles present, 
both leptons and baryons 

Electron-proton pairs are still 
present 

Neutrons, protons are still present, 
deuterium and tritium are beginning 
to be formed 


4 

Element synthesis (mainly 4H -► H ) 

complete, ending the period of cos¬ 
mological nucleosynthesis 

H, H e » and their isotopes and small 
abundances of heavier elements 


Time at which densities of dust and 
radiation are about equal 

Matter and radiation decoupled 


Formation of galaxies 
Formation of stars 
Present 


2.7K neutrinos 
background (quarks?) 
radiation 
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bypass deuterium, lithium, beryllium, and boron. But yet 

4* 

other mechanisms exist, notable spallation in stellar sur¬ 
faces or protoplanets. The existence of these processes 
endows the comparison between theoretical cosmologically 
deduced abundances and observed ones with some uncertainty, 
even in the case of deuterium. 

A rough quantitative estimate of the abundance of helium 
by mass to be expected on theoretical grounds can be obtained 
by the following three-step argument. 

(a) Suppose nucleosynthesis commenced at a universe tempera¬ 
ture T n , and that the universe then contained n neutrons 
and p protons. Because of the high temperature these 
are largely unbound. If all neutrons go to form normal 
helium ( 4 He) nuclei, n/2 such nuclei are formed, since 
each nucleon requires two protons and two neutrons,and 
we assume p>n. The abundance in terms of mass, and 
neglecting the neutron-proton mass difference, is then 


4(n/2) _ 2 n/p 

n + p 1 + n/p* 


(b) To determine the ratio n/p, denote the neutron and proton 
masses by m n and , and assume that at temperatures of 
the order they are in equilibrium according to a 

Boltzmann distribution: 


(c) 


n 

p = ex P 


m\ 2i 

. 1 Pi* I = 

kT x , J 


exp 


-1.294 


0.862 x 10 


■10 


2 

We have used O n - m )<? ~ 1.294 Mev, Boltzmann’s con- 

stant ~ 0.862 x 10-1° Mev K' 1 . 

To estimate , observe that neutron-proton transforma¬ 
tions require the presence of electrons and positrons and 
their presence is therefore needed if the thermal equi- 


Spallation is the ejection of numerous nuclear fragments from a nucleus 
when it is hit by energetic particles or other objects. This can happen, 
for example, in cosmic ray processes, as a result of shock waves, in 
supernovae, in nucleosynthesis, and in other processes. 
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librium assumption is to be valid. Their rest masses are 
of order 0.511 Mev so that their pair creation is pos¬ 
sible at universe temperatures in excess of kT ~ 1 Mev. 

We shall take this value as E^ in kT^ ~ E^ hence, 

r N - 1 M .ev-1.16 x 10 10 K 

0.862 x 10' 1U Mev 

^ ~ exp (-1.294) ~ 0.274 
4 He abundance ~ ^ ~ 0.43. 

The last quantity depends quite critically on the value 
of E , as shown in Fig. 1.2. This also shows that the esti- 
mate of 43 per cent is much too high. Theories incorporating 
much more data about nuclear reactions give lower estimates 
closer to the empirical 25 per cent. 


0-6 

0-5 


Helium abundance 
by mass according to 
simple model 


0-4 


0-3 

0-2 

01 


00 


Approximate empirically 
observed abundance 


01 


i i J _I_I-1-1-1— 

0-2 0-3 0-4 0-5 0-6 0-7 0-8 0-9 

£ N ( Energy in Mev for the temperature 


Energy of electron 
+positron rest mass 



10 11 1-2 


r N ) 



FIG. 1.2. Helium abundance by mass as a function of the typical energy 
= KT N of photons when nucleosynthesis is in progress. 

The question of the matter density of the universe is 
discussed in Section 6.2.3 and we return to the deuterium 
problem briefly in Section 6.2.4. For ’stage I’ discussions 
of nucleosynthesis the following may be consulted: 

J.R. Gott, J.E. Gunn, D.N. Schramm, and B.M. Tinsley. 

Will the universe expand forever? Sci. Amer ., 


23 
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March 1976. 

J.M. Pasachoff and W.A. Fowler. Deuterium in the uni¬ 
verse. ibid., May 1974. 

H.-Y. Chiu. The evolution of the universe. Science 
Journal , August 1968. 

The books mentioned in Section 1.1 give more experimental 
details which we have no space to discuss adequately here, 
though we obtain some quantitative estimates of the tempera¬ 
ture in equation (9.64), below. 

We now turn to a preliminary discussion of various types 
of models. The value of q determines the type of universe, 
as has been noted above. The time-scale of the expansion is 
set by the value of H. The present values of these two quan¬ 
tities have to be known in order to determine which of the 
simplest models of the universe are good approximations to 
the real universe. Of course more complicated models require 
more parameters, but it is a remarkable fact that the simpler 
models which require only values of H and q are surprisingly 
good. These Friedmann models are studied in Chapter 5. We 
include in this category models with a non-zero cosmological 
constant (A). Their description is also simple, though one 
now has the value of X as an additional parameter. The 
steady-state model is also discussed at various points (e.g. 
Chapter 8). Although this is an expanding model, it does not 
at present furnish in a natural way two characteristics of 
tlie bxg-bang type models: (a) the reasonable abundances of 
deuterium, helium, and lithium (though more work is needed on 
big-bang models in this connection); and (b) the microwave 
background radiation. That is why the steady-state model is 
not currently popular. However, in this book we seek to stand 
apart from what one may regard as temporary popularity, and 
concentrate on reasonably permanent features of cosmology. 

The steady-state model is one of these features. Not dis¬ 
cussed here are the anisotropic or inhomogeneous models; 
though they have their own interest, they are not suitable for 
a stage II discussion. 

Having settled on the Friedmann models, it is clear that 
the present value of q can be obtained from red-shift measure- 


INTRODUCTION 


25 


ments on very distant sources. These are faint and the 
accuracy which can be attained is not yet very high. The 
determination of the present value, , of H depends on the 
distances of galaxies; this is a complicated matter, dis¬ 
cussed in Section 10.8, and there is also uncertainty in this 
value. 

It has already been noted that the 'Hubble time’ 

H~ l = is normally larger than the time since the big bang, 
so that this age must certainly be larger than the ages of 
other items in the inventory of the universe. This actually 
leads to the possibility of a slight overlap between the 
smaller £ -values and the larger age values of, say, the glob- 

H IQ 

ular cluster stars (1.4x10 years). On the whole, however, 
there is no discrepancy. Other experimentally accessible 
information includes determinations of the mass density (see 
Section 6.2), angular diameters and number counts (see Sec¬ 
tions 11.3 and 11.6). 

1.5. THE RELATION OF COSMOLOGY TO OTHER SUBJECTS 
The wide sweep of cosmology has made it a subject of interest 
to people in all walks of life who seek an understanding of 
the universe in which we live. It is therefore of great 
philosophical importance. It has also many interactions with 
other branches of science since the history of the universe 
encompasses, when interpreted strictly, the geology of the 
solar system, the origin of life, and the development of 
man. 

In connection with the theory of elementary particles, it 
is believed that if quarks are their fundamental constituents, 
then one would expect some to have survived from the early 
universe, just as the microwave background is believed to be 
a relic of the radiation of the hot early universe. Indeed 
it has been estimated that the abundance of quarks now, if 
they exist, should be comparable to that of gold atoms. So 
one wants to know why they seem to be much rarer. What pro¬ 
cess has removed them? Or do they not exist? 

In geology one is deeply interested in the question of a 
possible time dependence of Newton's gravitational constant G. 
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This is a theme taken up quite briefly in Section 1.2 and 
Appendix B. In fact the general theory of relativity treats 
G as a constant, and the theory has to be modified to allow 
for variable G [7,8]. The same applies to Newtonian cosmology 
[9], If G decreases with time, the radius of the Earth has 
increased; it has been suggested that this may be responsible 
for the formation of the deep basins which represent the 
Atlantic ocean, and there would of course be many other con¬ 
sequences. Most notably, the brightness of the Sun would have 
been much greater in the past, since it is gravitational com¬ 
pression which heats the cores of stars to the temperatures 
needed for nuclear fusion. Therefore, an increased value of 
G implies higher central temperature and so a greater rate of 
fusion. This implies further that the surface temperature of 
the Earth was higher in the past by an amount which, at least 
in the Dirac theory, may be in conflict with the fossil 
records [10]. The ages of the Earth, the rocks, and meteor¬ 
ites also represent lower limits for the time which has 
elapsed since the big bang. 

The cosmologically deduced abundances of the elements 
have already been noted and observed abundances are assessed 
by various methods in geochemistry. There is therefore here 
another link between the sciences and cosmology. 

The existence of life here and possibly elsewhere in the 
universe depends on the formation of planets and their atmos¬ 
pheres. This also depends on the details of cosmological 
evolution. 

Is the universe finite or infinite? Cosmology can in 
principle decide this ancient question, since according to 
general relativity space is finite, for the simple models of 
section 1.4, if and only if q > h. 

Finally, in history and philosophy the cosmological con¬ 
siderations of the static universe by the Greeks and in New¬ 
tonian physics have long been of interest. The cosmologies of 
the twentieth century throw a new light on these ideas, which 
enables one to reassess their underlying assumptions. 
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COSMOLOGY: SOME FUNDAMENTALS 

2.1. THE HUBBLE LAW AND THE EXISTENCE OF A SCALE FACTOR 
The implications of the galactic red-shifts observed by 
Hubble in 1928, and by many others since, will now be discus¬ 
sed in more detail. For this purpose it will be assumed that 
Hubble's law is valid at all times, not only at the present 
time: 


v(t) * (t)r(t). (2.1) 

This will be justified in Section 5.3. 

Since the speed of recession v is the rate of change of 
the distance r, one finds 


dr/dt = Hr. 


Therefore 


| dr/r =| H dt, 
r 0 *0 

The suffix 0 will normally indicate values at the present time 
t = t Q , e.g. H q = H{t Q ). One finds 


or 


In v 


In + 


i 


t 

H dt 


t 


0 


*(*) 


r o ex P 



( 2 . 2 ) 


This argument assumes that the Hubble law is valid at all 
times between t Q and t with H the same for all galaxies at a 
given time, though possibly varying with time. Thus the expo¬ 
nential factor in eqn (2.2) is also the same for all galaxies. 
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It can be considered a universal scale factor in the sense 
that as one goes from time to t all intergalactic distances 
increase by this factor. It is usually denoted by #(£), so 
that for all galaxies 

r(t) = R(t)r Q9 #(t) s expQ H dt'j. (2.3) 

*0 

Assuming no transverse motions of galaxies, the direction of 
the line of sight from an observer 0 to a galaxy remains 
unchanged in time. The vector equation corresponding to (2.3) 
is then 

= S(t)r 0 (2.4) 

where r(t), are the position vectors of the galaxy under 
consideration, relative to 0, at times t and 

A note on observational aspects of the Hubble law is 
needed here. If a galaxy is observed by light which it emit¬ 
ted at a time its observed velocity v , and distance 

O’ 7 obs 

r obs ^ rom the observer will be related by the Hubble parameter 
for time ^ obs = #(t^) r obs * The light is observed at the 
later time + r obs / c > assuming classical light propaga¬ 

tion. Thus simultaneous observations at of galaxies at 

different distances r . will relate to different emission 

obs 

times with appropriate values of the Hubble parameter. 

The Hubble law (2.1) can therefore be restated in terms which 
make explicit allowance for the time taken by light to propa¬ 
gate: 


v 


ob s 




ob s * 


(2.5a) 


"obs = 'CVW^obs- 

(2.5a) is a general result, and the photon travel time 
is in general relativity determined by model - dependent equa¬ 
tions such as (11.80) to (11.82) given below with v , denoted 

obs 

by r. In classical theory and special relativity (2.52?) holds 
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for all cosmological models, and is illustrated in Pig- 2.1. 



FIG. 2.1. Velocity-distance diagrams for various cosmological models 
(classical and special relativistic theories of light propagation). 

(a) q = -1. Steady-state model. Eqn (2.10) has been used with #(tg) 
treated as a constant. (b) q = 0. Milne model based on (2.12). 

(c) q = h- Einstein-de Sitter model based on (2.18). In special relativ¬ 
istic cases the curves terminate at indicating a ’horizon': see 

eqn (10.30). 

Note that in some popular expositions [1], curves with 
q = -1 are incorectly said to refer to models with zero de¬ 
celeration parameter. 

Some later equations in this chapter are derived from 
(2.5b) and are therefore not valid in general relativity. 

Table 2.1 gives the range of validity of all equations used in 
this chapter. 

In Table 2.1 / indicates equations that are valid, x 
equations that are invalid, and § correct equations obtainable 
by use of a model-dependent light propagation time derivable 
from (10.41). §§ indicates that eqn (2.17) has to be replaced 

by (10.32); the correct version of (2.25) is not needed here 
because the Einstein-de Sitter model is not discussed in this 
book for special relativity. 

The first row of Table 2.1 contains results which are 
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TABLE 2.1 

Range of validity of equations used in Chapter 2 




Theories of light propagation 

Equation 

Classical 

Special 

relativistic 

General 

relativistic 

2.1, 2, 3, 4, Sa, 6, 7, 8, 9, 10, 
11, 12, 13, 16, 18, 19, 20, 21, 

22 

/ 

✓ 

✓ 

2.5b, 14, 15, 23, 24 

/ 

/ 

X § 

2.17, 25 

/ 

X §§ 

X § 


independent of light propagation, either because they do not 
refer to observed quantities or, in the case of eqns (2.8) and 
(2.9), because they refer to the steady-state model in which 
all parameters are independent of time. 

The second row contains results derived from eqn (2.52?) 
and therefore not valid in general relativity. The third row 
contains results derived from (2.52?) with the additional 
assumption of an absolute time scale, and therefore valid 
only in a completely Newtonian context. 

It follows from eqn (2.5) that as one observes more and 
more distant galaxies the inferred Hubble parameter changes, 
since one is observing earlier states of the universe. The 
simpler equation (2.1) results from a more 'god-like' view of 
the universe in which one imagines the positions and veloci¬ 
ties of galaxies to be somehow known at the same time for all 
galaxies. It would be possible to distinguish in our notation 
between the two types of equation, but this causes increased 
complication. We have chosen instead simply to remark that 
in sections dealing primarily with observed quantities, inclu¬ 
ding Sections 2.4 to 2.6 and all of Chapters 10 and 11, sym¬ 
bols such as v and r normally denote the observed values of 
these quantities as in (2.5), while the discussion of cosmolo¬ 
gical models in Chapters 4 to 9 presumes the 'god-like' view 
of eqn (2.1) . 

It also follows from eqn (2.5) that the ratio of observed 
velocity to observed distance does not in general equal H 
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except in the limit of very close objects. can indeed be 

defined formally as 



( 2 . 6 ) 


This result is valid also in special and general relativity 
since the light travel-time approaches zero for nearby objects 
in all these theories. 

One important way of describing a cosmological model is 
to give the scale factor R(t) as a function of time. This is 
done, and some possible inferences from it are discussed, in 
Sections 2.4 to 2.6 for three of the simpler models, after 
discussion of some more general aspects of cosmology in Sec¬ 
tions 2.2 and 2.3. 

2.2. THE COSMOLOGICAL PRINCIPLE AND ITS RELATION TO THE HUBBLE 
LAW 

At several periods in the history of cosmology it has been 
thought that some object was uniquely qualified to be consi¬ 
dered the centre of the universe. The Earth, the Sun, and our 
own Galaxy have each been in this situation, and have later 
been shown not to be unique — the Earth is one of several 
planets, the Sun one of many stars, the Galaxy one of many 
galaxies. As a result modern cosmologists have come to take 
as an axiom that no object is in such a privileged position. 
This axiom is known as the Cosmological Principle, and may be 
formulated as follows: 

The large scale appearance of the universe is the same at 
a given time for all observers located in, and moving 
with, galaxies. 

The phrase ’large scale 1 allows for possible local variations — 
for instance, one galaxy may happen to be much the largest in 
its immediate neighbourhood, but the principle is not violated 
provided equally large or larger galaxies exist at greater 
distances. The restriction to observers moving with galaxies 
is necessary because an observer temporarily located in, but 
not moving with, a galaxy would see other galaxies as having 
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transverse velocities, and so would not agree with eqn (2.4) 
above. 

The Cosmological Principle as here formulated implies 
that the universe has no unique centre . The converse, how¬ 
ever, is not true. One can imagine a universe which has no 
centre but which violates the principle — for instance, one 
in which the average size of galaxies increases steadily as 
one proceeds in a fixed direction. In fact, the available 
evidence supports the principle by showing that the properties 
of galaxies, and the number of galaxies per unit volume, do 
not vary with position in space out to very great distances 
from Earth. Thus the universe, on a large scale, appears to 
be uniform in space - there are no preferred locations. The 
evidence also suggests that there are no strongly preferred 
directions in space, i.e. that the universe is broadly iso¬ 
tropic. For instance, the Hubble parameter has roughly the 
same value for all galaxies, in whatever part of the sky, and 
the microwave background radiation comes with equal intensity 
from all directions in space. 

The question now arises whether the Hubble law is con¬ 
sistent with the cosmological principle. More specifically, 
if the relation (2.4) is correct for an observer 0, will it 
also be correct for observers in all other galaxies? That 
the answer is 'yes 1 can be shown as follows. 

Fig. 2.2 shows the positions at times t 1 and t 2 of three 
observers 0, A, B according to 0. 0 considers himself to be 

at rest and assigns position vectors r (£) and r_(£) to A and 
B at any time t. Applying eqn (2.3) he concludes that 



FIG. 2.2. Positions of three observers 0, A, B at times t^ and accord¬ 
ing to 0. 
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(2.7) 


T B^1^ ~ ^ i ) t bo * T B^2^ * ^ ^ 2 r BO * 


It follows (i) that OAj and OA 2 are colinear, as are 0B 1 and 
0B 2 (this has been assumed in drawing the figure), and 
(ii) that OA 2 /OA 1 = OB 2 /OB 1 = R(t 2 )/R{t ^ . The triangles 
OA 1 E 1 , OA 2 B 2 are therefore similar. Thus, considering the 
triangle formed by the three observers at different times, 0 
will agree with the following statement: 

S: In view of Hubble f s law, any triangle defined by three 
galaxies has the following properties: its angles, and 
its orientation in space, are constant in time, while its 
linear size is proportional to #(£). 

Now the statement S does not single out any one corner of 
the triangle. Thus if one of the other observers, A for 
instance, applies the Hubble law based on his own position, he 
must necessarily arrive at the same statement S. Conversely 
S implies that each observer will see the motion of the other 
two as consistent with the Hubble law; that is, the directions 
of (for instance) 0 and B as seen from A are constant, while 
the distances are proportional to R{t ). The positions from 
A's point of view are shown in Fig. 2.3. There is now a set 
of implications, 

Hubble law for one observer => S => Hubble law for any 
other observer, showing that the Hubble law is impartial 
between observers, as required. 



A 


FIG. 2.3. Positions of three observers 0, A, B at times t^ and t^ accord¬ 
ing to A. 
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The Hubble law also has implications for the uniformity 
of the universe. Consider a set of galaxies. At any instant 
the set can be considered as occupying a polyhedral volume of 
space, and the location of each galaxy relative to the others 
can be fixed by triangulation, i.e. by specifying the dimen¬ 
sions and angles of the triangles having named galaxies at 
their corners. The statement S above will apply to each 
triangle, and therefore to the entire polyhedron. Thus the 
volume of the polyhedron will vary with time as {ff(t)} 3 , and 
so the number density (number per unit volume) of the set of 
galaxies will vary as {#(t)}~ 3 . Now tf(£) is a universal func¬ 
tion of time, independent of position in space. If, there¬ 
fore, the number density of galaxies is uniform in space at 
any one time, it will be uniform in space at all other times, 
whether they be earlier or later. The only assumption made 
here is Hubble's law, which enters the argument via statment 
S. The situation can be summarized by saying that, if one is 
only interested in the positions and velocities of galaxies, 
and if the cosmological principle is known to have been true 
at one instant in time, the Hubble law implies that the prin¬ 
ciple is true at all times. 

It is natural to consider the converse question — does the 
validity of the cosmological principle at all times imply the 
Hubble law? A mathematical discussion of this is complex, but 
some conclusions can be reached fairly easily in two steps. 

(a) The case of radial motion . Consider first a universe in 
which the motions of galaxies relative to an observer are 
along the line of sight, but with speeds not proportional to 
distance. Then eqn (1.1) is valid, but H will be different 
for different galaxies; consequently eqn (2.3) is valid for 
any one galaxy, but /?(£) is different for different galaxies. 

It follows that the volumes enclosed by different sets of 
galaxies will no longer vary with time in the same manner for 
all sets of galaxies. Therefore the number density of galax¬ 
ies, even if it is initially uniform, cannot remain so, and 
the cosmological principle must fail. The failure of Hubble's 
law thus implies failure of the cosmological principle. This 


COSMOLOGY: SOME FUNDAMENTALS 


35 


is logically equivalent to the statement that the cosmologi¬ 
cal principle implies Hubble's law. 

(b) General motion. The motion of any galaxy can in general 
be regarded as the vector sum of a radial and a transverse 
velocity. Now it is impossible to assign transverse veloci¬ 
ties to every galaxy in any systematic manner without singling 
out some direction in space. For instance if the vector sum 
of the transverse velocities of all galaxies (within some 
limiting distance) is non-zero, the direction of this vector 
is evidently unique as there is a general motion of all galax¬ 
ies in this direction. If, on the other hand, this vector is 
zero, the motion of the galaxies has the general character of 
a rotation, and the sum of the angular momentum vectors again 
defines a unique direction. A model can be contrived in which 
the sum of the angular momentum vectors over the whole sky is 
zero, for instance by having generally clockwise motion in 
two quadrants of celestial latitude and generally anticlock¬ 
wise in the remaining two quadrants. Such a model, apart 
from its extreme artificiality, singles out several directions 
in space (the planes dividing the quadrants). We conclude 
therefore that in a universe which is isotropic , i.e. has no 
preferred directions in space, there can be no systematic 
transverse motions of galaxies. The motions are therefore 
radial and the argument of paragraph (a) above can be applied. 
This gives an overall conclusion: 

If the universe is isotropic at all times 3 and obeys the 

cosmological principle at all times 3 then Hubble's law is 

valid at all times. 

It should be noted that nothing in these arguments fixes 
the sign of the Hubble parameter H. In fact a uniform and 
isotropic universe can, at a particular time, be either expan¬ 
ding (tf>0), stationary {H = 0) or contracting (tf<0). The 
evidence of the red-shifts shows that our universe is at pre¬ 
sent expanding, but in some models (see Chapters 6 and 7) 
there will be a contracting phase with red-shifts replaced by 
blue-shifts. 
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2.3. DOES THE COSMOLOGICAL PRINCIPLE REQUIRE AN INFINITE 
UNIVERSE? 

The cosmological principle implies that the universe has no 
edge, since an observer at the edge would see a very non- 
uniform universe. This would seem to imply in Newtonian 
physics that the universe must be infinite, since all of 
infinite space must be uniformly filled with galaxies. The 
resulting picture of an infinite set of gravitationally 
interacting galaxies led to problems of the kind discussed in 
Section 5.3. In general relativity, by contrast, space is 
curved by the presence of matter, and in some models the 
total volume of space is finite. This can be visualized, by 
analogy, as follows. Consider the surface of a sphere as a 
two-dimensional curved 'space*. This 'space' has a finite 
extent so that it can be uniformly covered or 'filled' by a 
finite amount of two-dimensional matter. If this is done, the 
resulting 'universe' has no edges, and every point in it is 
physically identical to every other point. A being living in 
the surface would therefore perceive his 'universe' as satis¬ 
fying a cosmological principle, although its total 'volume' 
is finite. 

By a slight modification the cosmological principle can 
be made compatible with a finite universe without resorting 
to curved space. One can do this by assuming that the range 
of vision of each observer is much smaller than the dimensions 
of a finite universe. Then all observers at a distance from 
the edge of the universe greater than the range of vision will 
see essentially the same picture, and these observers will far 
outnumber those nearer the edge. The appropriate 'modified 
cosmological principle' is one in which the phrase 'all 
observers' is replaced by 'almost all observers'. In this 
sense the (finite) models considered in Chapters 4 to 9 are 
consistent with a cosmological principle. 

Before, say, 1950, when experimental evidence bearing on 
cosmology was still comparatively scarce and inaccurate, the 
cosmological principle was of great value. It was used as an 
important constraint on possible models. One tried to derive 
models of the universe from this and other principles. This 
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is no longer a desirable procedure in view of the increased 
experimental evidence relevant to cosmology which is now 
available. For this reason no attempt at such a derivation of 
a model is made here. To put it differently, since experi¬ 
mental evidence is increasingly limiting our ignorance, we no 
longer need the cosmological principle to do so. 

2.4. THE STEADY-STATE MODEL IN NEWTONIAN COSMOLOGY 
The simplest cosmological models are generally obtained by 
applying some a priori principle to limit the variety of pos¬ 
sible universes. The steady-state model, first proposed in 
1948 [2,3] can be derived from the so-called perfect cosmolo¬ 
gical principle which requires that the large-scale appearance 
of the universe be the same for observers at all times and at 
all places. For instance, the average density of matter on 
the large scale must not only be uniform in space, as required 
by the cosmological principle of Section 2.2 above, but also 
constant in time. Since, according to the Hubble law, all 
presently existing galaxies are moving apart, new matter must 
be created in the space between galaxies in order ultimately 
to form new galaxies to replace those which leave any fixed 
volume of space. The rate of creation needed is extremely low 
on the terrestrial scale, as discussed in Section 8.2, and 
would not be detectable by present experimental techniques. 

The steady-state model has a number of distinctive 
features. Since it has no initial dense state, it cannot be 
falsified if the age of the Earth or some astronomical object 
is longer than the Hubble time This can be taken to be 

an advantage or disadvantage according to one’s view of scien¬ 
tific theory in general. Also the origin of matter does not 
take place only in an inaccessibly remote past but continues 
at the present time where it can in principle be studied 
directly. The interest of the model in the present context is 
that it provides a very simple framework in which to illus¬ 
trate the calculation of some observed quantities. 

The results needed are straightforward. Firstly the 
Hubble parameter, being a large-scale property of the universe, 
must be constant in time, so that the observed Hubble law 
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contains H as a true constant, equal to its present value H Q : 

v = Hr; r = v/H = v/H Q = vt^. (2.8) 

Secondly the number density of galaxies must be constant in 
space and time, so that, if N 0 is the present density, 

N e = Nq for all r and t. (2.9) 

Finally, the scale factor can be calculated from eqns (2.2) 
and (2.3), and since H is constant we find 

#(£) * exp{#(£-£ 0 )}. (2.10) 

This is a first example of a possible time dependence of a 
scale factor and will be used in Chapter 11 to derive rela¬ 
tions between observable quantities which can then be used to 
test the validity of the steady-state model. 

Although the above consideration has been Newtonian, eqns 
(2.9) and (2.10) are valid also in special and general relati¬ 
vity since they do not depend on a theory of light propagation. 

2.5. THE MILNE MODEL IN NEWTONIAN COSMOLOGY 
This model, like the steady-state model, derives from an a 
priori assumption: the motions of galaxies must be such that 
observers in different galaxies can agree on a universal 
scheme of time measurement by interchanging light signals. 

Milne [4] showed, and we shall not attempt to prove it here, 
that in an expanding universe this assumption implies not only 
the Hubble law (2.1) but also that the velocity of each galaxy 
is constant in time. The main features of the model can 
easily be deduced from this fact. 

Consider a particular galaxy which has a constant speed 
of recession v . The equation of motion dr/dt = v integrates 
to r = A+vt. It is natural to choose the zero of time so that 
the integration constant A is zero, and then 

r(i) = vt, r Q = r*(* 0 ) = vt Q . 


( 2 . 11 ) 
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Comparison with eqn (2.3) gives the scale factor as 
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Rit) = r(t)/r 0 = t/t Q . (2.12) 

The Hubble parameter is found by comparing eqn (2.11) with 

( 2 . 1 ): 


Hit) = i;(t)/r(t) « 1 tt\ t H = 1 /H q - t Q . (2.13) 

Thus the Hubble parameter is infinite at the time t = 0, which 
marks the initial 'big bang' since all distances are zero at 
that time, and decreases with time thereafter; also the Hubble 
time t is equal to the present age of the universe t Q . 

The relation between observed velocity v and observed 
distance r of a galaxy can be found from eqns (2.5) and (2.13): 


v = H(t)r = | 


v r/c 



or, re-arranging, 


Vt H 

r ' (1+w/ey 


(2.14) 


(2.15) 


The number density of galaxies can be calculated using 
the fact that, as noted in Section 2.2 above, the volume 
occupied by a representative set of galaxies at time t varies 
as (5(t)} 3 and the number density therefore varies as (tf(t)}" 
Thus if Nit) is the number density at time t and N Q = N (£ Q ) 
the present number density, 


N(t) = N 


{Rit Q )}' 


Nr 


0 


(2.16) 


{£(*)} 

This equation is valid for all 


since by eqn (2.3) ^(^ 0 ) = 1 
models in which galaxies are not created (except near the 
start of the expansion). In the present case Rit) is given 
by eqn (2.12), and so 


Kit) = A' 0 (i 0 /t) 3 . 
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Finally, if we consider only galaxies observed at distance r 
we have, as in eqn (2.5), that t = t^-r/c 9 and the correspond¬ 
ing number density is 



(2.17) 


Here eqn (2.13) is used to replace by t^ 9 since in general 
is an observable quantity while t Q is not. 

2.6. KINEMATIC AND DYNAMIC MODELS; THE EINSTEIN—DE SITTER 

MODEL IN NEWTONIAN COSMOLOGY 

The two models just discussed can be considered kinematic 
models, in the sense that they specify the motion of galaxies, 
in accordance with some a priori assumption, without in the 
first place enquiring into the forces which determine the 
motion. The models discussed in Chapters 5 to 9 of this book, 
on the other hand, are dynamic models, in which the forces 
acting on galaxies are assumed to be known and the resulting 
motions are discussed in terms of Newtonian or relativistic 
dynamics. As will appear later, a wide range of different 
dynamic models is consistent with our present knowledge, since 
such a basic quantity as the mean mass density of the universe 
is not known accurately. The kinematic models, on the other 
hand, are each completely determined once the two parameters 
and Nq are known. Thus the kinematic models offer the 
advantage of being exposed to observational disproof (for 
instance if the predicted dependence of v on r is not real¬ 
ized) , but have the considerable disadvantage of not explain¬ 
ing the motions of galaxies in terms of currently accepted 
physics. 

In most of the dynamic models the scale factor is a 
rather complex function of time, but in a much favoured model, 
associated with the names of Einstein and de Sitter, it is 
relatively simple. This model (Section 6.2.2) yields a scale 
factor proportional to t 2 * 1 . The condition fl(* 0 ) = 1 there¬ 
fore implies that 


ff(t) = C*/* 0 D 2/3 


(2.18) 
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The Hubble parameter can be found as follows. If r(t) and 
v{t) are the distance and velocity of a particular galaxy at 
time t y then 


!•(*) 


,JT( t ) ■ ry'V" 


and 


v O) 


dr _ 2 .-1/3.- 

3t = iV *0 


2/3 


(2.19) 


( 2 . 20 ) 


Since by definition #(£) = v(t)/r(t), eqns (2.19) and (2.20) 
imply 

Ht) = * 0 * *(* 0 ) * 3 ^ ( 2 . 21 ) 

and 

t H - = 1 ,St 0» t 0 = 3*H* (2.22) 

Thus the age of the universe, is in this model two-thirds 

of the Hubble time t H . 

The relation between observed velocity v and observed 
distance v of a galaxy is again found from eqn (2.5) in con¬ 
junction with eqn ( 2 . 21 ): 

. _ ztf 4 .-\ 2r _ 2 r 2 r 

v tf(t)r = _ 3(to . r/e) = 2t H -3 TTo 

or, re-arranging, 

2yt H 

r = 2*3 v/o 

Finally the number density of galaxies at distance r is 
found from eqns (2.16) and 2.18): 

*E = Ht 0 -r/o) = V^Vr /*)}- 3 = %(v77^} 

f 2at H l 2 

= ^{2^37} * 


(2.23) 


(2.24) 


(2.25) 
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A detailed discussion of some observational predictions 
of this and the two other models discussed is given in Chapter 
11 after the necessary results of classical optics are devel¬ 
oped in Chapter 10. For the present, Fig. 2.4 illustrates the 
main features of the three models. 




FIG. 2.4. Basic properties of some simple cosmological models. The 
symbol * denotes the formation of a galaxy. 


PROBLEMS 

(2.1) Show that, in a model universe satisfying #(t) = 
with a constant. 


H = a/£, = at H , 



and that eqns (2.13, 14, 17, 21, 22, 23, 25) can be ob¬ 
tained on special cases of these results. 
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3.1. INTRODUCTION 

The only important force known to act at present between 
galaxies is the gravitational force of attraction. It can 
therefore be expected to play a dominant role in the dynamical 
behaviour of the universe. In this chapter we shall therefore 
discuss gravitation. At other times in the evolution of the 
universe other forces may be of comparable importance, notably 
radiation pressure. These will be discussed later. 

Newtonian cosmology is thus based on the principles of 
classical mechanics and in particular Newtonian gravitational 
theory. For our purposes it suffices, however, to assume the 
inverse square law of gravitation . This states that a parti¬ 
cle of matter of mass m l acts on a particle of mass at a 
position r * rt relative to it with a force 


F 


m 


(3.1) 


The negative sign indicates that the force tends to bring the 
particles together,and f is a unit vector directed from parti¬ 
cle 1 to particle 2. The constant G is Newton’s gravitational 
constant: 


G = 6.67 


10~ 8 dynes cm 2 gnT 2 = 6.67 x 10 8 cm 3 gm 1 s 


= 6.67 x 10" 11 m 3 kg' 1 s' 2 . 


The last form is the value of G in SI units. The dimensions 
of G are readily obtained from 

m - [£] - - , “- 1eV2 '- 
It will be adequate for our discussion of Newtonian cos¬ 
mology to have available one key result: 
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A uniform sphere of mass M and radius R attracts a 
particle of mass m at distance r from its centre with a force 

2 

rl/r (Particle external to sphere) 

F = -GmM'< (3.2 

W* (Particle inside the sphere) . 

The first part of the statement amounts to saying that the 
sphere may be replaced by a particle of mass M at its centre, 
and that the force on the particle of mass m external to the 
sphere is then unaltered. The second part is best written as 


F = -GmM*/r 2 , M* = ( r/R) l M . 


(3.3) 


It then asserts something analogous to the first part, except 
that the mass at the centre of the sphere is M *. Therefore, 
the only mass which is effective in producing an attraction is 
the mass within a sphere defined by the distance r of the mass 
m from the centre. It will be one object of this chapter to 
establish this result. 

3.2. CONSERVATIVE FIELDS OF FORCE 

A field of force F(r) is a force F(r) defined at all points r 
in a region of space. If a particle acted on by a force moves 
along a curve C drawn in this region, the field does mechani¬ 
cal work 



(3.4) 


which will in general depend on the field and on the curve. 

For a conservative field a function I/(r) exists such that 


F(r) .dr = -di/(r) 


(3.5) 


The sign is such that U decreases when the particle is moving 
in the direction of the applied force. Also in moving from 
to r ? the work done by the field is 



(3.6) 


r 


1 
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The work done against the field is i/(r 2 )-U (r ^ . This 
latter quantity is also the potential energy of a particle at 
r 2 relative to . We note: (a) The work done clearly depends 
only on the end points and not on the path. (b) In going from 
r 1 to r 2 under the action of the field, the work W is positive 
j^f-(/(r^) >T/(r 2 >, and a particle tends to slide down a poten¬ 
tial energy hill under the action of the field, as shown in 
Fig. 3.1. 


U(r)\ 



r 


FIG. 3.1. When a particle is moved by a field of force to a point of lower 
potential energy, then the work done by the field is positive. 

The term ’conservative’ refers to the possibility of 
defining a function which is constant in time during the 
motion of a particle. This is in fact the total energy of the 
particle, which is thus ’conserved’. One proves it as follows: 
If v is the velocity of the particle, then 

c dv , 1 dv 2 d 2x r , 

F * v = m ar v = Tst ' (3,7) 

which is the rate of change of the kinetic energy of a parti¬ 
cle. It follows that, if t is the time, then using eqns (3.5) 
and (3.7), 

| F-v d t = J~F*dr = U[r^ ) -U{r^. 

1 1 

Energy conservation follows in the form 

jmv^+VC r x ) = jmv^+l/(r 2 ) . 

As an example of a non-conservative field of force , con- 
f(r) = y" i+x"j 


sider 
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where i, j are unit vectors parallel to the x and y axes. 
Suppose this field does work on a particle as follows: 

Starting point r = (0,0). 

Curve traced out C:y = 2x n (n is a constant) 
Endpoint: r =(1,2). 

In this case 

F(r).dr = ( 2 / 2 ,£ 2 ). (dx ,dz/) = y 2 dx+x 2 dz/ = 4x^ n dx+2nx n + 1 dx. 


Integrating as in eqn (3.4) yields 


w 



4 2n+1 

2n + l X 


. 2n n+2 
+n+2 x 


i 


2(2n 2 +3n+4) 

r«+2) o+n ■ 


We see that this yields 18/9 for n = 1 and 9/5 for n - 2, so 
that the work does depend on the path, and the field is not 
conservative. 

We now adopt the inverse square law of force (3.1) to 
find (see Fig. 3.2) 

Gm 

F (r) . dr =- L_2 (f . dr ). 

r 



FIG. 3.2. The work done by a field of force F(r) involves the scalar 
product £.dr. 

Thus only the projection of dr on r enters the expression for 
the work, so that for any path only the projection on r is 
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relevant. Thus in the limit dr 0 , F(r).dr 
(Fig. 3.2). In that limit, therefore, 

r 2 r 2 

1/(1^)-i/(r 2 ) =| F (r) . dr = -Gm^ 2 J r 2 dr = 


= -Gm^m^dr/r 


2 


Gm^m^ Gm^m^ 
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Therefore F is conservative and the appropriate function U may 
be defined by 


U (r) = U (®) -Gm^m^/r . (3.8) 

£/(°°) is usually taken to be zero, and this gives the usual 
expression for the gravitational potential energy (see Fig. 
3.3) 


i/(r) = -Gm^m^/r . 


(3.9) 


This expression agrees with intuition: as the particles are 
separated one does work against the field (their mutual 
attraction), and if they are allowed to move, they will collide 
and attain their state of least potential energy, which is -°° 
in this case. 



FIG. 3.3. If the gravitational potential energy i/(r) of a particle 2 at a 
distance r from a particle 1 is zero at r = °°, then it is negative at all 
finite values of r. 

3.3. THE GRAVITATIONAL POTENTIAL 

The potential energy (3.9) of particle 2 in the field of 
particle 1 depends on the mass of particle 2. Any other 
particle would be acted on by an analogous force* This makes 
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it convenient to speak of the gravitational potential V{r) due 
to particle 1: 


F(r) = V (°°) - Gm^/r . 

The potential energy of any particle of mass m at distance r 
from particle 1 is then 


I/O) = V(r)m. (3.10) 

Thus the potential energy is associated with at least two 
particles, while the potential can be associated with one 
particle only. 

As an example, suppose a gravitating spherically symmetri¬ 
cal body is generated by the spherically symmetrical condensa¬ 
tion of particles from infinity. Suppose that at some given 
stage the body has a radius x . The gravitational potential at 
all points of its surface has then one and the same value 
which will be denoted by V(x). Imagine that a new thin layer 
of mass dM(x) condenses from infinity on the surface. Its 
potential energy at infinity is zero, and its potential energy 
in the new position is V{x)dM{x). The change in the potential 
energy of the system as a result of this new condensation is 
the same as the work done against the field, which by eqn (3.6) 
is 

d W = dU (x) -dl/ (°°) = d£/(x) = V(x)d M(x) (3.11) 

This result will be useful later. 

Another important example is discussed next. 

3.4. THE POTENTIAL DUE TO A UNIFORM THIN SPHERICAL SHELL 

The shell is divided into annuli so that all the mass 
points of a typical annulus A are at a fixed distance z from 
P, as shown in Fig. 3.4. Let the mass of the whole shell be 
m sh so *^at the mass of A can be denoted by dw^. The incre¬ 
mental width, ds say, of A is, because of the rounded nature 
of the surface, larger than the projection, dx say, of the 
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width. In fact (Fig. 3.4), dx = -ds sin a, where 2a is the 
angle subtended by A at the centre 0 of the shell. This can 
be seen from Fig. 3.4 or algebraically from 

x = a cos a, da; = -a sin a da = -ds sin a. 

Here a is the radius of the shell. From Fig. 3.4 



FIG. 3.4. The calculation of the gravitational potential energy of a 
particle at P due to a uniform thin spherical shell of matter of radius a 
and centred at 0. 
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2 

z 


2 2 

a +r -2ar cos a 


2.2 ~ 
a + r -2 rx 


and also 


dx = -(z/r)dz. 

The surface area of A is 

2n(a sin a)ds = -2nadx = +(2na/r) zdz . 

If we multiply this quantity by the mass per unit area, 

2 

m ,/4Tia , we obtain the mass of the annulus: 
sh 

o 777 I 777 . 

2na sh j sh j 

d 777 , = -•- rrZdz ~ ~ - zdz. 

sh v . 2 2 ar 

4 na 

The potential energy due to the attraction between a mass 
777 at P and the mass of A is, after integration over all annuli 
A, 


U 


sh 



Gmm , 
sh 

2 ar 


\ 


dz 


Gmm , 
s n 

2 ar 


U 

L 


where U, L are the upper and lower limits for z. These depend 
on whether P is an external or an internal point, and are 

I IU f(r+a)-(r-a) = 2a for an external point P 
1 'L \(r+a) - (a-r) = 2 r for an internal point P 


It follows that the potential energy U ^ and the force of 
attraction E , are 


U 


sh 


E 


sh 



Gmm , 
s h 

a 



(external 
point P) 


or 


(internal 
point P) 


(3.12) 


where F = -dU^^/dr (eqn (3.5) has been used. A very similar 
result holds for electrostatic charges, as will now be shown. 
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Consider a thin spherical shell of centre 0 and radius 

2 

a with constant charge density a = q^/^na , where <? sh is the 
total charge on the shell. Let q be a point charge of oppo¬ 
site sign placed at a point P such that OP = r. Then the 
potential energy U of the system and the force cf attraction 

F , between charge and shell, are 
sn 


U 


sh 


F 


sh 


44 


sh 


er 


44 


sh 


(external 
point P) 


ea 

or 


(internal 
point P) 


0 


Here e is a constant which depends on the units employed, and 
it is assumed that the uniformity of the charge distribution 
on the shell is not affected by the charge at P, i.e. polari¬ 
zation effects are excluded. If the charges q and are of 

the same sign the force becomes repulsive and the - sign 
is replaced by the + sign. 

The gravitational potential = I/^/m anc ^ the gravita¬ 
tional field I , = F ,/m are readily seen to be 

sh sh 


V 


sh 


and 


~G m s\\/r ( external point) or -Gm^/a (internal point) 

(3.13) 


2 

J s h = -Om /r (external point) or 0 (internal point)(3.14) 

Similarly one can see that in the electrostatic case the 
potential and the field are 

V sh = - ( ’sh /ep 0T -«sh /ea 
J sh = -*sh /er2 0r °- 

The field is zero inside a uniformly charged and a uniform 
gravitating spherical shell. 







52 


NEWTONIAN GRAVITATION: SOME FUNDAMENTALS 


3.5. A SET OF CONCENTRIC SPHERICAL SHELLS 

Distinguishing the various shells by a suffix f, so that 
their radii are ,a 2 ,... 9 a ^,..., we have for an external 
point P that the gravitational potential energy of, and the 
gravitational force on, a mass m at a distance r from the 
centre are 


Gm 

r 


GmM 

r 

l 

all 

i 

sh, i r 

Gm 

r 


- GmM 

2 

L 

all 

i 

^sh ,i 2 

r 

r 


where M is the total mass of all the shells. 

For an internal point, only the shells within the radius 
r contribute to the force: 


U. 

1 


Gm 

r 


l 

i 

(a^sr) 


* 1 • 
sh , z 


Gm l 
i 

(a i > r) 


m 


sh , f 
a . 

t 


F 


Gm 

2 


r 


l 




m 


sh, i . 


This yields the same result for an external point as if the 
total mass M were concentrated at the centre and is indepen¬ 
dent of the radii a For an internal point the contributing 
mass is 


l 


7 

sh, ^ 


(say), 


and for constant density this is 
(3.2) has therefore been established. 


The result 


3.6 GAUSS f S THEOREM 

Consider now all the points on a fictitious spherical surface 
5 drawn concentrically among the spherical shells. The 
accelerations are the same in magnitude for all points of S; 
the potential energies are also the same; so are the gravita- 
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tional accelerations. This is so because all these quantities 
depend only on the radius of the surface S . One could have 
guessed this result without any mathematics, for it follows 
from the fact that the physical arrangement of uniform spheri¬ 
cal shells gives us no way of distinguishing a preferred 
direction: the problem is spherically symmetrical . For the 
magnitudes of these quantities one does need some mathematics. 

To formulate these results in a general way, one needs 
the outward flux 0 of gravitational acceleration over a closed 
surface S. A typical increment of this, d®, is the normal 
outward acceleration a multiplied by the incremental area 
through which it acts: d® = a dS (see Fig. 3.5). Then one 



FIG. 3.5. An element dS of a closed surface, and the normal outward 
acceleration a. 

form of Gauss's theorem is (we do not prove it here) 

d<X> * -4 nG (total mass inclosed by 5). (3.15) 

closed 
surface S 

Note that dimensionally the left-hand side is j^LT” 2 .f 2 | = 
j^L 3 T‘ 2 j. The right-hand side is the same: [G] [M] = 

1 L 3 T“ 2 J [M ]. Applying the theorem to a spherically sym¬ 
metrical system, the acceleration has the same value ( a say) 
at all points on a spherical surface of radius r with its 
centre at the centre of symmetry. Thus Gauss's theorem yields 
in this case 


i 


d4> 



4nr^a 
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for the left-hand side, and for the right-hand side -4tlGM or 

-4ti GM . Thus 
r 


a 


r 



(3.16) 


in agreement with the results already derived. 


3.7. THE GRAVITATIONAL INTERACTION OF TWO SPHERICALLY 

SYMMETRICAL OBJECTS 
2 

The force -GMm/r is correct for two interacting particles 
of masses M and m, a distance r apart. For extended spheri¬ 
cally symmetrical masses this result is still valid, since, 
as far as interaction with an external body is concerned, the 
mass of each body can be supposed to be concentrated at its 
centre. To see this, proceed as follows: as far as one body 
is concerned, reduce the other to a point using eqn (3.2). 

Then do the same for the remaining body, as shown in Fig. 3.6. 




O O' 


•_• 

m m' 


FIG. 3.6. The reduction of the gravitational interaction between two 
spherically symmetrical masses, centered at 0 and O’, to the interaction 
between two particles. 

Taking positive senses indicated in the figure, the equation 
for the force F = -GMm/r can be used to yield 

force on M:Mr - ^y, force on ™\mr m = - ^yy. (3.17) 
r r 

This assumes that any motion of the spheres is along the lines 

of centres, otherwise a centripetal acceleration will feature 

2 

additionally in eqn (3.17). The accelerations are Gm/r , 

2 

GM/r respectively. The acceleration of m relative to M (see 
Fig. 3.7) is 
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LJ© ' © -- 

- r ni - 

FIG. 3.7. The gravitational interaction between two spherically sym¬ 
metrical bodies. 

This may be written 

r = -u/^^» U = = k 2 (l+m/M) (3.18) 

where u is sometimes called the ’inertial' constant and k the 
'Gaussian' constant. This equation can be integrated by writ¬ 
ing it first as 

2 • * 2 

2 rr = - -jr , whence ^ = a constant for the motion. 

i* 

This looks like an energy equation after multiplying by 

m/ (1 +m/M) = m * 


hm*r 2 . QEp. = E (3.19) 

where E is a constant energy, and the reduced mass m* incor¬ 
porates the effect of the motion of M in the kinetic energy 
term. For large M , the motion of M is negligible and m* - m. 

The kinetic energy of the system can be made arbitrarily 
large by imagining the system of masses M and m to be viewed 
by an observer in fast uniform motion. Thus, while E is 
clearly a total energy (kinetic and potential), the question 
arises: 'For what observer motion is E the correct energy?’ 

It holds for an observer at rest relative to the centre of 
mass of the system. 

The potential energy of the system is 

U (r) = - GMm/r . 


At height H above the surface of a spherically 
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symmetrical body of radius R and mass M the gravitational 
acceleration is given by 



where r = R + A.. If these relations are applied to Sun, 
Earth, and Moon, one can plot the accelerations due to these 
objects at various distances from them, expressed in units of 
g{R) y the gravitational acceleration at the surface of the 
Earth. The results are shown in Fig. 3.8. The point N marks 



FIG. 3.8. The acceleration caused by the Sun, the Earth, and the Moon at 
various distances from the earth, whose radius is denoted by R [1]. 

a 'neutral* point at which the attraction due to the Earth is 
equal to that due to the Moon, but the attraction due to the 
Sun at that point is still about twice as large as either of 
them separately. The detailed discussion of the attraction 
of more than two bodies in mutual gravitational interaction 
is very complicated and simplifies only in special cases. 

Even the three-body problem touched on here is beyond the 
present scope. 
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3.8. A MATHEMATICAL TECHNIQUE.: ENERGY EQUATION OR EQUATION OF 
MOTION? 

3.8.1. From the energy equation to the equation of motion 

The energy E of a particle of mass m in the field of a 
spherically symmetrical body of mass M can be written in terms 
of the distance r between centres. Assuming the particle is 
outside the body of mass M, and taking a frame of reference 
in which M is at rest, 

E = T(r) + I/(r) = \mr 2 - (3.20) 

is a constant independent of t. Differentiating with respect 
to time, 


so that 


mrr 



0 , 


r = -GM/r^ 

in agreement with eqns (3.1) or (3.16). 

3.8.2. From the equation of motion to the energy equation 
We now start with 


so that 


r = -GM/r 


2 GM- 

2 rr = - — y v • 
r 


Integrating from r - r Q to r with (r)^ = v^ say 


2 GM 
r 


" , i. e. r 2 - v 2 q - 2 GW (i-i ). 
r 0 ° 


Multiplying by m/2, we find 


\mr L - '±F111L = \mv*i - 

r 0 r r 
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and this is a constant, independent of time. This is eqn 
(3.20) again. 

The two elementary but important procedures outlined 
above are very useful throughout mathematical physics. 

3.9. THE ESCAPE VELOCITY 

3.9.1. Escape assumed 

The energy eqn (3.20) is 

P l , 2 f > GMm , 2 , ^ 

E = %mv (r) - —— = \mv («>) 

where it has been assumed that the particle can escape to 

infinity with velocity v («>) , as illustrated in Fig. 3.9. This 

2 

is possible only if v (») > 0. This in turn implies 
2 

v (r)>2 GM/r, i.e. the velocity at position r from the centre 
of the body of mass M satisfies 

y(r) > /(2 GM/r)=V Q (r). (3.21) 

This equation defines an escape velocity i> e (r) which is seen 
to depend on position r. For the Earth at its surface 

V = fi_ M 6 - 67 x lO^HmVV^CS.gS x 10 24 )(kg) ^ _ J 12 x 10 4 s -l } 
® L 6.37 x 10 6 (m) J 

Taking the velocity of sound in dry air at normal temperature 
and pressure as 332 ms" 1 , v q is 33.7 times this velocity, i.e. 

v ~ 33.7 Mach, 

which is much larger than the speed of our fastest aeroplanes. 

3.9.2. No escape possible 

If v(r)< i> e (r), the particle can reach only a distance 

r max ^ rom tlie attracting body which is given by the vanishing 

of the kinetic energy, as shown in Fig. 3.9. Thus if there 

is escape we can talk about a velocity zj(°°) which is zero or 

positive. If no escape is possible, one can talk about a 

maximum distance r from the centre, 
max 
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FIG. 3.9. The kinetic energies of two particles projected from the 
Earth's surface. The top curve refers to a particle which can escape; 
the curve below it refers to a particle which falls back to the Earth. 


Having defined the escape velocity, we can express y(°°) 

and r rather simply as follows: 
max J 


v 2 O) = v 2 (r) - v 2 O) , 


max 2 , ■* 2 , n 

i> e (iO - V (r) 

2 

The expression for v (°°) derives directly from energy conser¬ 
vation and is therefore valid even when the motion is not in 
a straight line, but the expression for ^ max assumes straight- 
line motion. 


3.10. THE CLASSICAL BLACK HOLE 

Imagine a spherically symmetrical set of gravitating particles 
which come together under their interactions. If the total 
mass M is fixed, then as the system shrinks the escape velo¬ 
city increases in accordance with eqn (3.21). At a limiting 
radius r = the escape velocity y (r* () ) reaches the speed of 
light. At this stage no particle can escape from the system, 
since one cannot project it with a greater velocity. This 
also applies to the photon (a ’particle’ of light energy) even 
though it has no rest mass. It can be thought of interacting 
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2 

with a gravitational field with a mass E/c where E is its 
energy. Thus the condition v Q (*q) = o implies that not even 
light can leave the system, which thus becomes invisible, 
explaining why it is then called a ’black hole'. The required 
radius is 


= ZGM/o 2 . (3.23) 

In general relativity this expression is found to have a 
similar significance and is called the radius of a 
Schwarzschild black hole. For the Sun (M = 2 x 10 50 kg), 
r Q ~ 3 km. 

A black hole can still be sensed by its gravitational 
effects, and gas clouds and other objects could fall into it. 
In this process such clouds would heat up and radiate energy, 
which can be detected at a distance if it is emitted outside 
the surface r = r Q . 

The theoretical investigation of black holes is currently 
fashionable, but none have so far been identified experimen¬ 
tally with certainty. 

3.11. SOLAR SYSTEM DATA 

For interest, some data about the solar system is given in 
Table 3.1. 

PROBLEMS 

(3.1) Spherically symmetrical bodies of masses m l9 m 2 have 
centre coordinates v^ 9 v 2 at a given instant. The cor¬ 
responding centre-of-mass coordinate R 9 measured along 
the line of centres, is 

(m^+m 2 )R = + m 2 r 2‘ 

The total kinetic energy of the system is defined to be 
+ m 2 r 2 ) . If r = - r 2 > show that the kinetic 

energy is 
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Ss( V m 2 ) * + * 

Interpret this result. 

(3.2) The virial theorem states that if for a system of fin¬ 
ite extent the potential between any two particles at a 
distance r apart varies as r s , where s is a constant, 
then the (time) average kinetic energy T and the average 
potential energy U are related by 2 T = sU . Let E be the 
average total energy. 

(i) Show that U = (2/s+2)E, T = (s/s+2)£ 

(ii) For a mass m in a circular orbit of radius a about 

a stationary central mass M show that the accelera- 

2 2 

tion towards the centre is g (a) = GM/a = v (a)/a. 
Hence show that 

T = GMm/la , U = GMm/a, E = GMm/2a. 

Does the virial theorem hold, and what is the 
value of s? 

(3.3) A spherically symmetric planet has mean density p, 

4-3 

radius R and mass M = jiipR . A satellite describes a 
circular orbit of radius r about the planet, with orbi¬ 
tal speed v (r) and orbital period T(r). The gravita¬ 
tional acceleration at the surface of the planet is g . 

(i) Show that for an orbit skimming the surface of the 
planet (r = R) 

V C W = /(<?*), T(R) = 2Tt/Cff/i?) 

2 

and that g = GM/R . Deduce that T(/?) is the same 
for planets of different sizes if their mean den¬ 
sity is the same. Evaluate v (/?) and T{R) for the 

c - 2 

Earth, using the approximate values g ~ 10 m s 
and R ~ 6.4 * 10 6 m. 

(ii) Show that in general 
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1> C (*0 = /(gi? 2 /r) and t> e (r) = /2 v^ (r) 

where ^ e (^) is the escape velocity defined in eqn 
(3.21). Estimate the orbital speed and period for 
a satellite such as Skylab (1973) given that its 
height above the Earth's surface is about 400 km. 

(iii) Show also that 

ro) = t{r) o/i?) 3/2 . 

Is this Kepler's third law? 

(iv) Communication and television relay satellites such 
as Early Bird (1965) are often launched into an 
orbit which is synchronous, i.e. the satellite's 
orbital period T(r) equals the Earth's period of 
rotation which is about 23 hours 56 minutes (why 
not 24 hours?). Show that only one value of r 
gives a circular synchronous orbit, and find this 
value. 

(v) Mars has two satellites, Phobos and Deimos, in 
near-circular orbits with radii of 9300 km and 
23 400 km respectively. The orbital period of 
Phobos is about 7 hours 42 minutes. Deduce the 
period of Deimos and the surface gravity of Mars 
(the radius of Mars is 3400 km), and compare the 
latter result with that in Table 3.1. 

(vi) The Earth's orbital speed around the Sun is about 
30 km s' 1 . By (ii) of this question a space probe 
leaving the vicinity of the Earth with a speed of 
30/2 km s" 1 relative to the Sun will escape the 
Sun's gravitational field and leave the solar 
system. If the launch direction is chosen care¬ 
fully this need only mean leaving the vicinity of 
the Earth with a speed relative to the Earth of 
v (°°) = (/2 - 1)30 km s' 1 . Using eqn (3.22) and 
the numerical results of part (i) show that the 
space probe must have a speed on leaving the 
Earth's atmosphere (r ~ /?) which is about 50 per 
cent higher than the speed needed simply to escape 
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from the Earth. 


(3.4) Taking GM for the sun to be 1.329 * 10 20 m 3 s‘ 2 and the 
Earth's distance from the Sun in its slightly elliptic 
orbit as 1.498 x lO^m, calculate the periodic time of 
revolution of the Earth around the Sun, treating the 
motion as circular. 

(3.5) A thick spherical shell of gravitating matter has 
internal and external radii a and b 9 and its density 
varies inversely as the distance fromthe centre: p(r) - k/r, 
where k is a constant. The shell is imagined as built up 
by the condensation from infinity of successive thin 
spherical shells on the layers already present. 

(i) When built up to a radius r , show that the amount 
of matter already condensed is 

M (r) * Ink (r 2 -a 2 ) . 


(ii) When built up to a radius r show that the poten¬ 
tial at an external point at distance r is 

7(r) = -2 nkG(r 2 -a 2 )/r. 

(iii) Explain why the work done by the field in condens¬ 
ing a shell of mass dAT(r) and of thickness dr on 
a thick shell extending from radius a to radius v 
is 


df/(r) = -7(r)dM(r) = -d£/(r) 


where d£/(r) is the increase in potential energy, 

(iv) Evaluate the total work done by the field in con¬ 
densing the thick shell, 



r-a 


2 G ,,2 2? + 2a 

~Y M -2 

( b+a ) 2 


where M is the total mass of the shell, and ex- 
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plain the sign. 

(v) What is the total gravitational potential energy 
of the shell? Explain the sign. 


(3.6) A spherically symmetrical non-uniform gravitating 

sphere has a mean mass density p(r) up to a radius r and 
a surface mass-density o(r) at radius r , where p(r) and 
a(r) are appropriate functions of r . 

(i) Show by considering the addition of a thin layer 
of density p(r) on the sphere already built up to 
a radius r, that 





(ii) If g[r) is the gravitational acceleration at 
radius r, show that 

-g(r) = i^rGp(r) 

and 

- *«=(o - 5»> ■ 

_3 

(iii) The mean density of the Earth is p(#) ~ 5520 kg m . 
The density of the Earth near the surface is, 
apart from the heterogeneous crust, 3300 kg m 3 . 
Explain how one would expect the magnitude of the 
gravitational acceleration to change as one goes 
down a deep shaft in surroundings which are simi¬ 
lar to the average surface conditions of the 
earth. Sketch the curve of g{r) against r which 
you would expect. 


(3.7) Taking D to be the mean distance between Earth and 

Moon, obtain an approximate equation for the distance x 
from the Moon at which the neutral point occurs. The 
approximations to be made are that both bodies are to be 
treated as uniform spheres, and the attraction due to the 
Sun is to be treated as a constant over the whole of the 
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distance D. Show that,if E, M are the masses of the Earth 
and the Moon, 

x /(E/M) - 1 
D (E/M)- 1 

If E = 5.95 x 10 24 kg, M = 7.35 x 10 22 kg, D = 3.8 x 10 5 km, 
find x. 



4 

THE COSMOLOGICAL DIFFERENTIAL EQUATION: 
THE PARTICLE MODEL 


4.1. THE QUALITATIVE PICTURE 

Most people are familiar with a microscope. If one uses it to 
look at a simple object such as a blade of grass, it reveals 
details not visible to the naked eye. As the power of the 
microscope is increased, a network of veins and cells comes 
into view revealing the intricacies and complication of what 
was first considered to be a simple object. 

We are less familiar with the reverse operation of tak¬ 
ing a rougher instead of a finer view of our surroundings. 

If we photograph a growing plant once a day and compress the 
time scale by playing the resulting film back, we can see in 
a few seconds how the plant grew in a year. Instead of com¬ 
pressing in time one can also compress in space: an aerial 
view of large fields may reveal regular features not obvious 
to a person on the ground. For example, a certain unevenness 
on the ground may have a geometric form, and this may lead one 
to discover that below the field lies a prehistoric city. 

In an important branch of cosmology one is concerned with 
such compressions in space and time. By ignoring the compli¬ 
cations of solar systems and galaxies and taking a very 
rudimentary and rough picture of the universe, one is trying 
to trace its development in space and time. This type of 
treatment represents a compression because it seeks by simple 
equations to reveal the large-scale properties of the universe, 
while ignoring all finer details. The discussion of these 
details can then be introduced at a later stage to yield a 
more complete or better theory. In this way it is possible 
to discuss the formation of simple atoms, of galaxies and so 
on, as indicated in Section 1.4. These considerations require 
difficult calculations, and are part of current research in 
astrophysics and cosmology. 
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4.2. THE ENERGY TERMS 

We shall assume a finite model universe and shall discuss 
infinite universes later (Section 5.3). This model can be 
pictured as a very large assembly of clumps of matter in 
motion. These clumps of matter may be taken to be galaxies. 

It is important that they are electrically neutral, so that 
they do not interact electrically; but they do interact 
gravitationally. Suppose three such clumps of matter of 
masses m l ,m 2 ,m 3 to be situated at a time t at positions 
r l (t) ,r 2 (t),r 3 (t) , as measured from a fixed origin 0. If 
their velocities are radial and of magnitude r.(£) (j = 1,2,3), 
the kinetic energy of the system is 


I 1 


* 2 

■ 1*1 


‘ 2 ^ •2 x 

+ ^ 3 ^ 3 ) 


2 2 


1 r *2 

-y > m .r .. 

1 A J d 


The gravitational potential energy of any pair of masses is 
negative and given by 


- G 


m l m 2 

|r r r 2 


m l m 3 

l r r r 3 


-G 


m 2 m S 

l r 2- r 3 1 


where G is Newton’s gravitational constant. The total poten¬ 
tial energy is therefore 


k g = 


[ m . m 

— 

r i: 


r 13 


171 2 m 3 

r 23 


]■ 


3 m .m . 




l 

i<j 
i> J = 1 


where r.. = |r.-r.|. The constraint i<j indicates that one 

I'd T' d 

does not wish to have the two terms m.m./r.. and m.m./r.. in 
the sum, but only one of them (for example the term for which 
i is less than j). The total energy of the system is accord¬ 
ingly 


E = T 



l 


i = l 


. 2 


m 


.r 


i 


n 

0 1 


i<3 
7 = 1 


m .m . 

J 

r . . 5 


(4.1) 


where we have generalized to a system of n clumps of matter. 
Note that the potential energy becomes less negative, i.e. it 
increases as the particle separations go up (see Fig. 4.1). 
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FIG. 4.1. Potential energies due to the cosmological force acting on 
particle 2, and due to the gravitational interaction of particle 2 with 
the fixed particle 1, as a function of position of particle 2. 

For some purposes it is desirable to add a further poten¬ 
tial energy term -(A/6)m^. for each particle. The factor 
1/6 has been inserted for convenience. This yields an addi¬ 
tional potential energy 


V 

c 


X r 2 

5 I -,-V 


arising from a force 


_ X 

F . = T m.r. 
cj 3 j c 


(4.2) 


(4 . 2 1 ) 


on particle j, where A is a constant. Let us first take it to 
be positive; then eqn (4.2 f ) is positive, and the force is 
repulsive. This may also be seen from eqn (4.2): as the parti¬ 
cle separations increase, V c becomes more negative, i.e. it 

decreases . The behaviour of V is therefore opposite to that 

c 

of V . Whereas V n encourages the particles to be close 
G G 

together so that the system can approach a state of low poten¬ 
tial energy, V c reaches a low value if the particles are far 
apart. Thus one sees again that the gravitational interaction 
is attractive, whereas the new interaction V c acts in the 
opposite sense and seeks to remove the particles to infinity. 
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But since it does not depend on two physical parameters, such 
as two interacting masses or two interacting charges, it is 
not a 'repulsion' in the normal sense. One can, however, call 
it a cosmic repulsion . This repulsion is still rather con¬ 
troversial. We shall be able to discuss it since it intro¬ 
duces no undue complications and it frequently occurs in 
modern work. The reader may, however, eliminate it from all 
subsequent equations without difficulty by putting A equal to 
zero. He may alternatively interpret it as a cosmic attrac¬ 
tion by regarding A as a negative constant. This is also 
sometimes done in current work on cosmology. The choice of 
the power 1 in eqn (4.2') and hence of the power 2 in eqn 
(4.2) will be discussed in Section 5.3. 

The reason why the cosmic repulsion was first introduced 
is as follows. Prior to the 1920s which brought Hubble f s law, 
the universe was believed to be in a broadly static and equi¬ 
librium condition by many scientists. Now a theory based on 
movement (kinetic energy) and attraction (gravitational 
forces) cannot yield a static model. Either the kinetic 
energy dominates and the universe is for ever expanding, or 
the energy of motion of the galaxies is inadequate to overcome 
the mutual gravitational attraction, in which case the system 
will collapse upon itself. Neither possibility is a static 
one. In fact the two possibilities correspond physically to 
either projecting a rocket beyond the Earth's attraction, or 
throwing a ball into the air which then returns to Earth. 

These Newtonian cosmological ideas were developed only in the 
1930s. They have, however, their counterpart in general rela¬ 
tivity, and were first noted in that context by Einstein when 
he created the theory in 1915. In order to balance the gravi¬ 
tational attraction and produce a static model he needed a 
repulsive force, and so he introduced the cosmological repul¬ 
sion. He withdrew it again in 1931, when the expansion of the 
universe became an accepted proposition. Einstein, had he 
believed the general theory of relativity quite uncompromis¬ 
ingly and not introduced the cosmological force, would have 
predicted an expanding or a contracting universe. The cos¬ 
mological constant has been used since that time, and has had 
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alternating periods of popularity. We shall keep it in our 
equations, particularly as there is currently some evidence 
for a non-zero value [1,2]. 

4.3. THE EFFECT OF HUBBLE ! S LAW 

In order to incorporate Hubble’s law into our scheme, it will 
be assumed that at any time t the galaxies have a radial 
motion which is given by 


(4.3) 


^(*0 = S(t)r»^.(t 0 ) (i = 1,2,. ..,n) 


where tf(£) is a universal function of time, the same for all 
the particles , defined in eqn (2.3). The time is some 
standard time to which all observations may be referred and 
is usually the present time. The (radial) velocity of the 
it\\ particle is 



(4.4) 


Denoting time differentiation by a dot, and Hubble's parameter 
by H(t ), 


r^(t) = ff(t)r^.(t') , ff(t) = R(t)/R{t). 


(4.5) 


Thus Hubble’s parameter determines the same connection between 
velocity and position for all particles i at the same time t. 
It is not a constant in the sense that this connection will in 
general vary in time: H , like R, is independent of the suffix 
i 9 but it does depend on t. Thus eqn (4.3) effects a factori¬ 
zation of a function of i and t into a product of two func¬ 
tions, one depending on i and the other depending on t . 

4.4. THE ENERGY EQUATION FOR n PARTICLES 

The energy of the n particles is, by eqns (4.1) and (4.2), 
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n n 

where E denotes \ and E' denotes £ 

i =1 1 

( ^ < «7 ) 


(4.3) and (4.4), one finds 


Incorporating eqns 


T 



-2 
= AR Z 


V 


G 


-GE ' 


m .m . 
Jk.A. 


~ Rv a {t ^ 


B 

R 


V 

c 




- D[R ] 2 


so that 




-2 

E = AR - 

B - - DR 2 . 

R 

(4.6) 

Since 

the energy E 

of the w-particle system is a constant, eqn 

(4.6) 

represents a 

constraint 

on the possible time 

-variation 

of R. 

The coefficients are 





2 m iK ( v] 

2 

(energy x (time) ) 

(4.7) 


w 

in 

m ,m . 
r * J 

o J 

(an energy) 

(4.8) 


»■! 


(an energy). 

(4.9) 


They are independent of time, and depend only on the nature of 
the system at the reference time t Q . In eqn (4.6) we have 
derived the important cosmological differential equation for 
the scale factor tf(£). 

Eqn (4.6) has a simple interpretation. Neglecting the 

term due to cosmic repulsion, an expanding system (e.g. a 

universe) increases its potential energy - B/R[t ), for as R 

increases, this term becomes less negative. Thus the total 

- 2 

energy remains constant only if the kinetic energy v4(i?) also 
decreases with expansion. This is reasonable since the con¬ 
stituent clumps of matter have to overcome gravitational 
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attractions in order to participate in the expansion. They 
are therefore slowed down. How much are they slowed down? 

How long will the expansion last? These are typical questions 
for cosmology. Some rough answers can be given, and this will 
be done below. 


4.5. THE RESCALED ENERGY EQUATION 

If we note from eqn (4.7) and (4.9) that 


D/A = A/3, 


(4.10) 


the energy eqn (4.6) can be written more elegantly as 


R 2 



(4.11) 


Thus, even if G and X are universal constants, one still 
obtains a different differential equation for each value of 
B/A and E/A . By passing to a new function /?, instead of P, 
it proves possible to collect the main physical characteris¬ 
tics of the model into a new constant C , and, with reference 
to the energy E, to retain merely the sign of it. This is 
quite adequate since the property of chief interest is the 
nature of the evolution of the universe in time. This is 
clearly unaffected if P is independent of time in 


R{t) = PP(t), 


(4.12a) 


which will be used to rescale the cosmological differential 
equation. This relation implies 

rA* 0 ) 

= * p ° J?(t) = s.Ht) (4.12 b) 

where s . is a coordinate which is constant in time for each 
galaxy and will be used later (Chapter 11). 

We shall now pursue the consequences of (4.12). Using 
(4.12a) in (4.11), 

it/ . BP 1 _X_ 2 E 
pi' A R lp 2 A 
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l.e. , 


-2 _ BP 3 1 X 2 EP 2 
R ' — R 3 * 


(4.13) 


Let P now be chosen so as to obtain agreement with general 
relativistic equations as normally presented: 

(a) If E> 0, choose P 2 = c^A/E, i.e. in EP*/A = - ko 2 choose fe = -1. 

(b) If E<0, choose |p 2 = c 2 4/|p|, i.e. in EP 2 /A = -fee 2 choose fe = +1. 


2 2 

(c) If £ = 0, leave P arbitrary, i.e. in EP /A = -ko choose k = 0. 


Thus 


P 2 = (P * 0) . 


m 


(4.14) 


The cosmological differential eqn (4.13) is then 


•2 C L X n 2 n 2 

P = - + jP - fee (fe = -1, 


_ BP 3 _ c 2 BP 

c = — = 1 TT 


(E * 0) . 


0 or +1) 


(4.15) 

(4.16) 


If o is the velocity of light in vacuo, eqn (4.15) is pre¬ 
cisely a general relativistic result for the simplest cosmo¬ 
logical models. Its derivation here as a classical result 
represents a development of later ideas [3,4,5], Note that we 
are still dealing with individual galaxies as shown by eqns 
(4.7) to (4.9). 

Applying dimensional analysis, and denoting the dimen¬ 
sions of A by [A ] , 


[P 2 ] 



[ml 2 t' 2 ] 


[L 2 ]. 


It follows that, while R is dimensionless, R is a length. 

Eqn (4.15) is the cosmological differential equation which 
contains as main parameters C, fe = -1 or 0 or +1, and X. Its 
properties will occupy us a great deal in the following chap¬ 
ters . 

One should note that by eqn (4.3), 
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R(t 0 ) =- R 0 = 

Thus eqn (4.12) furnishes 


R(t 0 ) B F q = P = {-ko 2 A/E) h = c(A/\E\') li 


(4.17) 


(4.18) 


where the last two forms hold if E * 0. Also 


H 



(4.19) 


Therefore, if one uses eqn (4.15) at the characteristic time 

2 

t Q , one finds, after dividing by P and using (4.14), 


H 


2 

0 


B X E 

A + 3 + A‘ 


(4.20) 


2 2 

The last term can also be written as -kc /P . This is a very 
useful result and becomes more so, if one makes the identifi¬ 
cation that 


is the present time, (4.21) 

since the left-hand side of eqn (4.20) is then reasonably well 
known from experiment. We shall adopt the interpretation 
(4.21) throughout the rest of this book. 


4.6. PARAMETERS FOR THE EVOLUTION OF THE UNIVERSE 
A number of parameters have become standard in the description 
of the universe. One is the Hubble parameter (4.19). Another 
variable measures the rate at which the expansion of the 
universe slows down, and is called the deceleration parameter . 
As such it is made to involve -R. To make it dimensionless 
it is then defined by 


q 



(4.22) 


It can be calculated from the ’equation of motion of the 
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universe’ which is understood to be the time derivative of the 
energy eqn (4.15): 


i? = ——+ £ R. C4.23) 

2 R l 

The left-hand side corresponds in classical mechanics to the 
acceleration, while the right-hand side gives the cosmological 
force (4.2') and the gravitational force which act on unit 
mass. Using eqn (4.19). 




RR 

(M ) 2 




= o - L 


(4.24) 


We have here introduced the density parameter representing the 
deceleration due to gravity which is, using eqn (4.16), 


a = 


2 3 
2 HR 



so that a Q 


B 

2 AH 1‘ 


(4.25) 


We have also introduced a parameter representing the accelera¬ 
tion of the expansion of the universe due to the cosmological 
force: 


L = so that L n = (4.26) 

3# 3 

The parameters thus defined vary in their accessibility 
to observation. The present value of H is known with fair 
accuracy from the slope of the red-shift versus luminosity 
distance curve (Section 11.2); the present value of the mean 
density p of matter, and hence of o, can be estimated from 
the observed density of matter in stars, dust, and gas, though 
the correct value of p may well be higher (Section 6.2.3). 

It is in principle possible to estimate q from the red-shift 
versus luminosity distance curve, as discussed in Section 11.5 
but the uncertainties are large. 

We give below some additional relations which hold also 
in general relativity and are sometimes useful. A relation 
between a and q arises from the energy eqn (4.15) which can 
be written as 






THE PARTICLE MODEL 


77 


fee? 

2 2 
EH 



C 


RR 


+ 



1 


sV 



i. 


Defining an energy parameter K , this may be written as 
kc 2 

K = A?-- = 2a + L - 1 = 3 o - q - 1. 

R l ti l 


(4.27) 


Thus eqns (4.24) and (4.26) are alternative ways of writing 
the equation of motion and the energy equation respectively. 
They determine the evolution of the universe in time. 

There are also some purely kinematic links between these 
parameters, i.e. links which do not involve the forces: for 
example 

•• • 2 

H = | - Zy = -H 2 q - H 2 = -(Uq)H 2 . (4.28) 


If E * 0 one can also obtain expressions for P and C. 
By eqns (4.13) and (4.20) 


P = 




2 a 



(4.29) 


Now using (4.16), 


c = l p 3 
C A F 


2 °0°' 



(4.30) 


It will be shown in the next chapter (eqn (5.8)) that in a 
continuum approximation C can be expressed in terms of P and a 
mean density of matter to be denoted by p(i). 


PROBLEMS 

(4.1) Prove that galaxies cannot overtake each other in the 
model adopted in this chapter. 

(4.2) Discuss models of constant deceleration parameter q and 
show that for q * -1 and R = 0 at t = 0 there exists a 
constant A such that 
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* q+1 =* = wht- 

For q = -1 show that 

*(*) = *(* 0 ) exp 

[The case q - -1 corresponds to the steady-state model of 
Section 2.4; the case q * 0, H * 1/t corresponds to the 
Milne model of Section 2.5; and the case q = H = 2/3 t 
corresponds to the Einstein—de Sitter model of Section 
2 . 6 .] 

(4.3) [6] Show from eqn (4.15) and its first and second deri¬ 

vatives that 



where a third-derivative parameter has been introduced: 


Q 5 fl/f 2 //? 3 


(4.4) [7] Show from problem (4.3) that 

- {q + l)H 2 = 

i? 2 2 fl. 3 

and 


X = (Q-2q)H 2 , ||= (e+<?)tf 2 . 

Hence verify that q< j for ever-expanding (A = 0) models 
is a condition which corresponds in some sense to £<1 for 
models with A * 0. 
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THE COSMOLOGICAL DIFFERENTIAL EQUATION: 
THE CONTINUUM MODEL 


5.1. THE CONTENTS OF THE UNIVERSE AS A UNIFORM CONTINUUM 
In order to estimate the coefficients, a picture of the gross 
features of the universe will be adopted which regards all the 
matter in it as smeared out uniformly at any one time. The 
matter density p(t) (mass per unit volume) becomes the main 
function in terms of which the universe can be described. It 
is then convenient to assume that the model universe is 
bounded by a spherical surface S whose radius at any time t 
will be denoted by a(i). The origin of coordinates will be 
taken at the centre 0 of this sphere. 

At the reference time t a spherical shell of radius x 

u 2 2 

and thickness dx has surface area 4tuc and volume 4tu? dx . 

The amount of matter in it is 


dm(x) = 4rue dx . 


(5.1) 


Now consider any function /(r^.) of the n particles within 5: 


S/77 


r ° 2 

•.fO^) j 4 nx p 0 /(»dx. [a Q r a(fc Q )] ( 5 . 2 ) 


We have on the right-hand side the estimate of this sum in the 
approximation of a uniformly smeared out universe. Instead 
of summing over all the particles, one has here inte¬ 

grated over all the spherical shells from radius x = 0 to 
x = a Q . At x = 0 the shell has shrunk to a point which does 
in fact not contribute to the integral for most reasonable 
functions f(x). Applying this process to (4.7), 

A h I 4tix p Q x dx 5 p 0 a 0 1Q a Q . (5.3) 


The total mass of the model universe has here been introduced: 


= Em 
T t 


t " f 


. 2 , 4u 3 

4 tix o ^ da : = -=- o~ cl„ . 
M 0 3 0 0 


(5.4) 
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3 3 

Since this quantity is constant in time one has pa = Pq^qj 
i.e. using eqn (4.3) with r^.(t) = a(t) and also using eqn 


(4.12), 



(5.5) 


The coefficient D of eqn (4.9) could be calculated similarly, 
but is more easily found from eqns (4.10) and (5.3). We now 
evaluate B (Fig. 5.1). 



Non-contributing sphericaP 
shells of matter lie at r>r / (/ 0 ) 



FIG. 5.1. The evaluation of B. In eqn (5.6), r^(£ Q ) has been denoted by 
x, since it is there a variable of integration. 


It is now convenient to imagine that the particles are so 
numbered that i<j if, and only if, particle i is no further 
from the centre than particle j . This means that the gravita¬ 
tional potential at the location of particle j, at time 
due to all particles i lying closer to the centre than j, is 


iz 1 


m . 
v 


Kt VV ] = ‘ G r^(* 0 ) 


With this definition eqn (4.8) can be written 


n 

B - - l 

J = 1 


m. V[r.(t Q )]. 
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Because of spherical symmetry with respect to 0 the potential 

is a function only of distance r . from 0. In a continuum 

model eqn (4.8) can then be expressed as an integral over the 

distance r. = x, as in eqn (5.2): 

<7 

f a ° 2 

B = - j 4 Tix p Q V[x ,t Q \dx. (5.6) 

0 

Note that the time now enters into V independently of x. The 
reason is that the effect of all the particles i<j has been 
expressed in terms of the matter density p Q which decreases as 
the universe expands. V is the gravitational potential at 
distance x from 0 due to all the mass A/(x) inside a sphere of 
radius x. Therefore, from Section 3.5 (with V - U/m) 


Vtx,t 0 ) = - 


GM(x) 


4ti . 2 

‘T Gp o x 


Substituting in eqn (5.6), one finds 


B 


16u 2 

15 


-25 

Gf W 


(5.7) 


Note that B and D are the total gravitational and cosmological 
potential energies respectively of the universe at the present 
time £ q . Now substitute eqns (5.3) and (5.6) into (4.16) to 
find 


C 



8n 

" T 


GP 0 P 3 


_ 8n 

” T 


Gpff 3 , 


(5.8) 


where (5.5) has also been used. 

The continuum model therefore yields (4.15) with (5.8), 

i. e. 




ko 2 , C = ~ Gpfl 3 . 


(5.9) 


These are the precise results obtained for the simplest models 
of the universe from relativistic cosmology. This identifica¬ 
tion of the constant C is the main contribution made to our 
model by passing from the particle picture to the approxima¬ 
tion of the content of the universe by a continuous matter 
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distribution . 


5.2. THE COSMOLOGICAL DIFFERENTIAL EQUATION FROM THE EQUATION 
OF MOTION 

We now give an alternative derivation of the cosmological 
differential equation. By Newton's laws, a spherically sym¬ 
metric distribution of mass with centre 0 acts on a particle 
at radius x as if all the mass within this radius were concen¬ 
trated at 0. This was discussed in Chapter 3. One can make 
use of this result to write down the gravitational accelera¬ 
tion of a particle in a spherically symmetrical distribution. 
It is 


rJt) = - 


GM 


b-C*)] 




where the total mass M within the sphere of radius r^{t) has 
been expressed in terms of the matter density (assumed uni¬ 
form) at the reference time i Q . One may suppose that a cosmic 
repulsive force, as introduced in eqn (4.2'), acts in addition 
so that the generalized acceleration of particle i is 


r.(t) = - 


GM X ... 

2 + 3 


[*•<(*)] 


(5.11) 


Eqn (5.11) is an example of an equation of motion, as dis¬ 
cussed in connection with (4.23). It is assumed that the 
motion is radial. 

In order to integrate (5.11), multiply the equation by 
2 r^(t) and treat GM and \ as constants. Hence 


2r i (t)?.(t) = 


2 GMr .(i) 


[r.W] 


l ' 2 + I ^ i (t)r i (t) 


Integrating each term with respect to time from some fixed 
time to t yields 






+ e. 


where Q^ is a constant of integration which may depend on the 
particle i , but is independent of time. Dividing by ] 2 
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and using eqns (4.3) and (5.10) one finds 

i • )l»l 2 ♦ ‘ 


( . ]2 = 8nGp 0 1 ^ X '^ 2 




2 * 


(5.12) 


This is again the cosmological differential eqn (4.11), pro¬ 
vided only that one identifies as follows: 

E 2 S [r.(t )} 2 E 

- flWl - ■■■ * 5 ( 5 - 13 ) 

2np 0 a 0 

where eqn (5.3) has been used. Thus the energy of the energy- 
equation approach appears here essentially as a constant of 
integration. Note that from eqn (5.10) there follows an 
alternative way of writing eqn (5.11): 


* = - X Gp o r2 + I *• 


(5.14) 

The analogous result based on the scaled eqn (4.15) is 

(5.15) 

where C is given by eqn (5.8). 


R = - ——s- + \ XR, 
2 R 5 


5.3. THE INFINITE UNIVERSE; THE COSMOLOGICAL FORCE 
The derivation of the cosmological differential equation in 
the preceding sections raises some questions of principle. 
There is, firstly, a question of self-consistency. It is 
assumed in Section 4.3 that Hubble’s law applies at all times, 
and in Section 5.1 that the universe is of uniform density in 
space at all times, and it is not obvious a priori that these 
assumptions are consistent with the detailed equations of 
motion such as eqn (5.11). The second question that arises is 
whether the derivation can be extended to a spatially infinite 
universe, since the finite model universe considered hitherto 
violates the cosmological principle of Section 2.2. The two 
questions will be considered separately. 

(a) The self-consistency problem 

It will be assumed that Hubble’s law applies, and that 
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the density p(t) is uniform in space, at the reference time 
t Q . Then it is sufficient to show that Hubble’s law applies 
at all other times £, since, as discussed in Section 2.1, this 
implies the existence of a universal scale factor #(£). The 
volume bounded by any set of particles will then vary with 
time as [tf(fc)] 3 , and the matter density inside that volume 

_ 7 

will vary as [/?(£)]” , so that an initially uniform density 
will remain uniform. 

To discuss the validity of Hubble’s law at different 
times, consider first the equation of motion (5.10), which 
assumes only that the universe is uniform at time t Q . Defin¬ 
ing a scale factor for particle i by 


R i = 


(5.16) 


eqn (5.10) can be written 


u *t^(t 0 )r _ 4 


i 0 

and *».(£„) cancels to give 

i K 0 J 6 




(5.17) 


R. = -K/R 2 .. 


Thus R. satisfies a differential equation which does not 
explicitly depend on i. Since, by assumption, Hubble's law is 
valid at £ Q , so that /?^(£ Q ) = 1 and f?^(£ Q ) = //(t Q ), we have a 
differential equation with parameter (K) and boundary condi¬ 
tions independent of i. It follows that the solution is also 
independent of the individual particle i considered. Hence 
ft^.(t) is a universal scale factor 5(t) , and Hubble's law is 
valid at all times. 

Suppose next that a cosmological force of the form 
(4.2’) with general power b is present. The equation of 
motion (5.11) is then modified to 


r.(t) = 


GM . 

t 


[-;(«] 


2 * 


and the analogue of eqn (5.17) is 
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Evidently, cancelling r^t^) will give an equation for /?^.(t) 
independent of i if, and only if, b = 1. This is therefore a 
condition for the Hubble law to remain valid at all times, and 
it justifies the choice of b = 1 in eqn (4.2'). 

If one regards the gravitational force as an unknown 
function of distance, one can similarly infer an inverse 
square law from Hubble's law in a Newtonian universe [1]. 

(b) The problem of an infinite universe 

It is necessary here to pose one's question with precision. 

One can ask (i) can the approach of the previous section deal 
with an actually infinite universe, and (ii) can this approach 
deal with an arbitrarily large finite universe? The answer is 
'No' to (i) and 'Yes' to (ii) , for reasons given below. 

With regard to (i), an energy conservation equation for 
an infinite universe would consist of infinite terms and so 
would be indeterminate. The equation of motion (5.11) would 
also be indeterminate, for a reason which can be seen by 
reference to Fig. 5.2. In this figure we have imagined 



FIG. 5.2. The gravitational force on a particle is due to the mass in the 
intersection of a cone with i at its apex and a uniform thin concentric 
spherical shell at distance r from i. This force is proportional to the 
solid angle SI of the cone. 

concentric spherical shells, centred on particle Y, and have 
also drawn a narrow cone through particle i so that the gravi¬ 
tational force on particle i due to any particle within the 
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cone is roughly parallel to the fixed unit vector u. Then 

2 

the mass in the shaded region is, if h<r , p(t)Qr h where Q 
is the solid angle of the cone, and the gravitational force 
due to this mass is Gm^.p(t)Qr h/r = Gm^p(t)Qh. Adding up the 
all the forces due to all such regions, and noting that half 
these regions lie to the left of particle i , gives a net force 
on particle i , due to all particles within the cone: 

F. = GM .p(t)Q/z{l-l + l- l + l- l. . .}u. 

v % 

Now it is known that the terms in the infinite series in 
brackets can be rearranged to give any integral value what¬ 
ever, for instance 

( 1 - 1 ) + ( 1 - 1 ) + ( 1 - 1 ) ... = 0 + 0 + 0 ... = 0 , 

1 + (-1+1) + (-1+1) + (-1+1) =l+0+0+0=l, 

so that no definite value can be assigned to F. or, by impli¬ 
cation, to the total force on particle t. This justifies the 
conclusion above that neither the energy-conservation nor the 
force approach can deal with an infinite universe. 

With regard to (ii) above, imagine two model universes 
M A and which differ only in that the radius of M 2 at the 
reference time is greater than that of :a^ (t Q ) >(t Q ) . 
Suppose that the two models have equal values of G , A, p Q , and 
H q . The coefficients of the cosmological differential eqn 
(5.12) will then be the same for M 1 and M 2 , and the boundary 
conditions = 1 and ^(t Q ) = H Q are also the same. It fol¬ 
lows that the time variation of R is the same in both models, 
and that the motion of each particle of M 1 is duplicated by 
the motion of a corresponding particle in the interior of M 2 . 
One can therefore replace by , or equivalently one can 
increase the size of a model universe M 1 to any finite extent, 
without affecting the predicted motion of any particle of M^ 
or the predicted time variation of R . One could obtain the 
same result by simply noting that increasing the size of M^ 
is equivalent to adding a uniform spherical shell, and this 
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shell will by eqn (3.14) exert no force on the particles of 


5.4. THE FRIEDMANN MODELS 

The analysis of eqn (5.9) will occupy us in Chapters 6 and 7, 
so that some general remarks may be helpful at this point. 
Various assumptions may be made concerning the values of X 
and k, and these lead to various models of the smeared out 
universe. These models are called Friedmann models after the 
Russian mathematician who first considered them. They are now 
regarded as among the simplest such models and they were first 
investigated as a consequence of the general theory of rela¬ 
tivity. 

The first property of eqn (5.9) to which attention can be 
drawn is that it involves the time t or its differential d t 
explicitly only through the term (/?) 2 . This term is unaltered 
by changing the direction of the time scale since, if the 
new time coordinate be t' = - t , 



This equation is therefore unaltered under this transformation, 
and one says that it is time-symmetrical . It can describe an 
expansion from some initial value i?(0) at t - 0, as will be 
assumed in accordance with Hubble's law; but it can equally 
well describe a collapse; it can also describe an oscillation. 
For the moment the possibility of a collapse being described by 
the equations will be ignored. When one assumes that i?(0) is 
zero or small with R > 0, one is considering the so-called 
big-bang Friedmann models. 


5.5. WHY IS THERE NO PRESSURE TERM IN THE ENERGY EQUATION? 
Some people might expect a pressure term in the energy equa¬ 
tion. The reason why it is not there will now be given. 

If we imagine a small flat smooth surface to be fixed at 
some point in space, the expanding systems of particles give 
rise to occasional collisions with this surface. We can 
assume that such a particle will be reflected after impact. 
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so that its momentum p n normal to the plane will be reversed 
while its momentum p t tangential to the plane will remain con¬ 
stant. In this way a collision leads to the transfer of 
momentum 2p^ to the surface. If such collisions are allowed 
to occur for a period of time, an average rate of momentum 
transfer to the plane takes place. Since the surface is 
fixed, this average rate is also the average force to be 
exerted in order to keep the surface fixed in spite of the 
collisions (force = rate of change of momentum!). This is 
another way of saying that the particles exert a pressure on 
the surface. 

If the small surface moves with a particle, or takes 
part in the general expansion as if it were a particle, then 
of course no collisions will occur. We then speak of a 
comoving element of surface. On such a surface no pressure 
is exerted (see also Problem (4.1)). 

Let us now consider the differential equation (5.9) for 
the whole universe and note that its radius has cancelled out 
of the equation, leaving a differential equation for the scale 
factor. This equation is therefore appropriate for any co¬ 
moving spherical concentric surface drawn within the universe. 
Such a surface may be thought of as * frozen into the matter*. 
If such a surface were solid no particles would collide with 
it since it is comoving and therefore no pressure would be 
exerted on it. It is therefore plausible that the energy 
equation for the matter within the surface contains no pres¬ 
sure terms. In this sense the particle model of a Huhhle law 
universe is a zero-pressure model . It is of course clear that 
there is no pressure term in the equation for the contents of 
a surface of any shape frozen into the matter. 

In Section 5.1 the notion of a continuum was introduced 
merely as a device to calculate the coefficients in the dif¬ 
ferential equation, and one was still operating with what is 
basically a particle model. If the continuum is regarded as 
a limiting case of a closely spaced distribution of particles 
then the above arguments still apply, and one has a zero- 
pressure model, so long as each particle obeys Hubble*s law 
exactly . However, if random motions are superimposed on the 
Hubble law expansion, then even a comoving surface will be 
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subject to collisions and hence one would expect pressure to 
play a part in the dynamics of the universe. Such models are 
continuum models in the usual sense and they will be discussed 
later (Chapter 9). For the moment only zero-pressure models 
will be considered. 


PROBLEMS 

n 2 n 2 3 

(5.1) Show that \ r ~ n /2 and \ r ~ n /3 for large n (i) by 

1 1 

using the exact formulae, (ii) by integration. 
r=n a+1 

(5.2) Show that £ r a ~ f° r large n for a>0. 

v -1 

(5.3) Show that n! ~ (n/e) n for large n, where e is the basis 

of the natural logarithms. 

[Hint. Consider y - In «! = £ In r.] 

r= 1 

(5.4) Show that the expression (5.7) for B may also be 
obtained by considering spherically symmetrical shells 
to condense sequentially from infinity to form uniform 
spheres with centre 0. 
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SOME SIMPLE FRIEDMANN MODELS 

6.1. INTRODUCTION 

The smeared out model universes have now been specified ade¬ 
quately, and the physical pictures and explanations on which 
these specifications were based have been incorporated in an 
energy equation (5.9) or an equation of motion (5.15). There 
are also boundary conditions which state whether the model is 
expanding or contracting at a particular time, as discussed 
in Section 5.4. 

These procedures are illustrative of the general ’model- 
making' activity which has been known for so long in applied 
mathematics, physics, and chemistry. It has also entered the 
biological and social sciences. The 'model' is often in all 
these cases a differential equation with boundary conditions. 

In this section the solution of these equations will be 
considered for various special cases. These cases are either 
physically important or they are instructive as giving insight 
into simpler properties of these equations. We shall then be 
ready to consider the more general properties of our models 
in Chapter 7. 

6.2. MODEL UNIVERSES WITHOUT COSMOLOGICAL FORCE (X = 0) 

6.2.1. Classification into expanding and oscillating models: 
the critical mass density 

The models of this section are important because they re¬ 
quire only known forces, so that an explanation of the astro¬ 
nomical observations in terms of them would be particularly 
satisfying. In fact, many cosmologists consider that the 
X = 0 models are the only ones to be used. 

The key observation to be made in this case is to write 
our main equation (5.9) in the following form 

kc 2 = -R 2 * | = - R 2 H 2 + ^GpR 2 
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so that 


and 


7 2 _ , . 8Tt-_2 

kc - (p-p c )-y-G/? , 


3 H 

P c * SnG 


_P_ = 

P„ 


h 2 r z 


r 2 r 


= 2 O 


2 q 


( 6 . 1 ) 


where eqn (4.24) has been used. A critical matter density 

p has here been introduced. It has been related to the mass 
0 

parameter a by eqn (4.25), and it has the following inter¬ 
pretation. If at some cosmological time t one finds that 
p>P c> then the right-hand side of eqn (6.1) is positive and 
so k = +1 at all times. Hence 


R 2 = f - ko 2 (6.?.) 

shows that there is a maximum scale factor R = R which satis- 

m 

f ies 


R = C/o 2 (fc = +1). (6.3) 

m 

When it is reached, R = 0. This maximum extent of the expan¬ 
sion is therefore succeeded by a contraction. The time re¬ 
quired to reach R^ from R = 0 can be evaluated by solving 
eqn (6.2). This is a ’detail' to which we shall turn below. 

For the moment we shall consider the case that at some 

2 

time p<p c . Then eqn (6.1) shows that kc <0, and k - -1 at 
all times. In this situation eqn (6.2) shows that the model 
universe is an always-expanding one since R 2 can never be 
zero. 

We have therefore the main classification of X = 0 models: 


z 

Q c 

A 

Q 

q > *5 •* 

k = 

+i. 

an oscillation 

P = P ~ 
c 

q = h « 

k = 

0 , 

permanent 

expansion 

P <P ** 
c 

q<\~ 

k = 

-1, 

permanent 

expansion 


(6.4) 


This classification is physically clear: given the value of H 
and therefore of p c , then for large enough p the gravitational 
attraction dominates and the universe collapses again. For 
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small enough p, the kinetic energy can dominate the gravita¬ 
tional effects and there can be indefinite expansion. 

- 1 8 - 1 

The numerical estimate // Q ~ 1.8 x 10 s leads to a 
present critical mass density 


p _ ~ 0.6 * 10’ 29 g cm" 3 
cO & 

— 2 6 “3 

~ 0.6 x 10’ kg m’ ~ 4 protons m 


(6.5) 


The classification (6.4) also results if one assumes 
the density to be given. One then finds that the condition 
for indefinite expansion is a constraint on H , namely 



The right-hand side is a kind of escape velocity for the uni¬ 
verse which corresponds to eqn (3.21). 

If the model collapses again, then it approaches a state 
of infinite density as R 0, and this state is called a 
singularity . It is meaningless to ask if the model re-expands 
as there is no unique extrapolation through the singularity. 
The question has a meaning for the universe , but an answer is 
difficult to obtain because of our ignorance about the physi¬ 
cal laws governing states of extremely high density. In view 
of this uncertainty the phrase 'oscillating universe' means 
that there may be only one oscillation. 


6.2.2. The Einstein—de Sitter model 

This model is defined by k = X = 0, and is easily dis¬ 
cussed. Eqn (6.2) now yields 

R^dR = C* 5 d t 


whence 


p 3 ' 2 - f 


p 5 - ?« 2 . 


i. e. 


( 6 . 6 ) 
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Substituting for C from eqn (5.9), the right-hand side is 
(9/4)(8nGpff 3 t 2 /3) so that 

6nGpt 2 =1 or p = (6nGt 2 ) 1 . (6.7) 

Eqn (6.6) leads to 


H = 2/3 t, q = 1/2. (6.8) 

The value of p can be found by putting eqn (6.8) into eqn 
(6.1). One recovers the critical mass density: 

p * p . (6.9) 

c 

One sees that p = p c at all times. This model is of particu¬ 
lar interest because it, or a time reversal of it, occurs for 
all models of non-zero mass density in the limit R -> 0 [see 
Problem (6.2)]. 


6.2.3. The 'missing matter*' problem 

The relation between red-shift a and luminosity distance 
for galaxies yields estimates of q Q (see Sections 11.2 and 
11.5) with uncertainties which can be as large as ±1. None¬ 
theless they impose some constraints on the possible cosmologi¬ 
cal models via eqn (4.24). As an example, we shall consider 
the estimate (see Section 11.5 for more details) 


«0 


1 . 


( 6 . 10 ) 


One can use this in the equation of motion (4.24) with the con¬ 
tinuum model interpretation (5.9) for C to find 


\ _ 4nGp 

2 ~ 2 
3JT 3iT 



o - q . 


( 6 . 11 ) 


Taking p c0 ~ 0.6 » 10' 26 kgm‘ 3 and the luminous (galactic) 
mass density of the universe at present as [1] 


P 0 ~ 3 x 10‘ 28 kg m 


(6.12) 
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one finds 


P 0 ~ 0.05. (6.13) 

P c0 

Thus one has from eqn (6.11) 



so that the cosmological force is attractive and helps to slow 
the expansion of the universe. But this is regarded as un¬ 
likely on other grounds. A usual interpretation of these 
results is to assume X = 0 and to infer from eqns (6.10) and 
(6.11) that p Q ~ 2p c0 in contradiction to eqn (6.13), since 
2p c0 is much larger than the luminous matter density actually 
observed. The search for this 'missing matter 1 is still incom¬ 
plete, but the necessity for it may be removed completely if 
lower values of q Q are accepted. 

Also if the gravitational constant has had greater values 
in the past than it has now, one would expect a smaller mass 
density to have the same effects as a larger mass density has 
later. The result would again be that the missing matter 
problem is quantitatively less severe [2]. It had been 
proposed in the 1930s that H and G have the same time- 
dependences [3] and the value 

G/G ~ - 8 * 10' 11 year' 1 (6.14) 

has recently been proposed [4,5], Some consequences of a pos¬ 
sible time dependence of G are discussed in Appendix B. 

6.2.4. General theory of the X = 0 oases 

No convincing evidence is available for a non-zero value 
to the cosmological constant. For this reason one puts X = 0 
in many investigations and such models therefore assume par¬ 
ticular importance. We now discuss these cases. Because of 
eqn (4.14) one expects oscillations for k - +1, since the 
energy is then negative, and indefinite expansion for k = -1, 
since the energy is then positive. The calculations below 
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confirm this in detail. 

Take as the main equation (5.9) in the form 

af = (I ' k ° 2 ) h (x = 0) (6 - 15) 

and define a new dimensionless variable u by 


R = ~~2^ t 2 = +1 or ” 1 )* 

c 


(6.16) 


Since R> 0 by definition, u is always real, but for the case 
k = +1 is restricted to values between ±1 by eqn (6.3). We 
now discuss the Hubble parameter, the deceleration parameter, 
and the age since the big bang in turn. 

(i) Hubble parameter. From &n R = £n C/c + 2 £n u , and 
eqns (6.15) and (6.16), 


H = 


R _ 2u 
R u 


Cu 


Cu 



2 ) 


h 


Hence 


where 


g 5 /C 



H = 




l-ku 


2 


) H 


(6.17) 


a 



The dependence of u on time is obtained below. 

(ii) The deceleration parameter. From eqn (5.15) with 
X = 0, (6.15) , and (6.16) , 

RR i?( C/2P 2 ) = Cu 2 

R 2 ( o/u ) 2 - ko 2 2Ro 2 (l-ku 2 ) 
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so that 


Q = 


1 


2 Cl -ku) 


(6.18) 


l. e. 


“ 2 " k ' 1 ( 1 *^) “ K 1 _ ^r) * 0) * (6 - 18,) 

The case k = 0 will be ignored here as it has been discussed 
in Section 6.2.2. 

(iii) The age. From eqn (6.17) 


t = r dt = i f M « 2 d« s .too 
i a ! (1 -ku 2 ) h a 


(6.19) 


where 


ru 2 , 

/(«) * 2 f d “ 2 - 
J (!-*«)* 


sin” 1 u - m/(1-w 2 ) (fc = +1) 


w/(l+w 2 ) - sinh" 1 u {k = -1) 


The evaluation of the integral is discussed in the appendix 
at the end of this chapter. Clearly the present age t is 
obtained from w Q via eqn (6.19). By multiplying eqns (6.17) 
and (6.19) one finds the age, expressed in terms of the 
Hubble time tf” 1 : 


— « Ht = u' l {\-ku 2 ) h /(it). (6.20) 

H 

Using eqns (6.18*) and (6.20), t/t can now be found as a 

H 

function of q. The graph of this function (Fig. 6.1) shows 
that the time since the big bang drops below the Hubble time 
as a result of deceleration. This result is easily understood 
if it is recalled that a decreasing 'velocity of expansion' 

R implies that the function i?(t) is concave towards the time 
axis (Fig. 6.2). 

Note that the present value of q is important in two 
ways: it determines the type of \ = 0 universe by eqn (6.4). 

It also determines the present value of u by eqn (6.18'). 
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FIG. 6.1 The time since the big bang in models with X = 0. 



FIG. 6.2 Possible universes for X = 0. Key for Figs. 6.1 and 6.2: t H is 
the time since the big bang corresponding to a universe with q = 0, is 
the time since the big bang corresponding to a universe with 0 t Q2 

is the time since the big bang corresponding to a universe with h <q. 

This yields the time since the big bang in units of the Hubble 
time by eqn (6.20). Thus the present value of the Hubble para¬ 
meter fixes the time scale of the expansion. 
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The constraints on are in the main the following. 

(a) Recessional velocities. These strongly suggest <2 (cf. 
Section 11.5). (b) The oldest stars are those of the globular 

clusters, for which theories of stellar evolution suggest ages 
of the order of 14 x IQ 9 years [6], This value yields 

0.78, i.e. <J 0 <0.2 

where the recent estimate * H ~ 18 x io 9 years has been adopted, 
(c) Since any given radioactive element decays at a constant 
rate, the ratio of its abundance to the abundance of its decay 
products yields the average age of the radioactive element. 
Applied to heavy elements, one finds ages of the order 

9 

11.7 x io years [7], and the time since the big bang must be 
greater than this value. In this case 

°‘ 65 ’ i- 6 ' q 0 ~ °- 55 - 

More general inequalities, valid for X f 0, are discussed in 
Appendix C. (d) The mass associated with galaxies yields den¬ 
sities much less than the critical density eqn (6.5), sug¬ 
gesting via eqn (6.11) for X = 0 models that is much less 
than 0.5. (e) The deuterium abundance is a very sensitive 

indicator of the present mass density of the universe. Deu¬ 
terium was formed in the first few minutes after the big bang, 
and if the density then was too great, most of the deuterium 
would have been turned into helium. Thus for the cosmological 
element formation to leave us with enough deuterium at present, 
the density of the present universe must be low enough, say 
about 2 x io gm cm ^ [8]. This yields q^ ~ 0.1. However, 
all these estimates are subject to uncertainties. For example, 
should it be discovered that deuterium can be produced in 
supernova explosions, then the present deuterium abundance 
would not be entirely due to its production in the big bang, 
and q Q could be larger, as already noted in Section 1.4. 

6.2.5. The k = +1 ease 

If k = +1, it is easy to see (Problem (6.2) and Fig. 6.3) 
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FIG. 6.3 Hubble parameter H and deceleration parameter q for a model with 
X = 0 and k = 1. The model is capable of one oscillation and reaches its 

3 

maximum extent at a time t - {n/2)(C/c ) after the big bang. 

that soon after the big bang the Hubble parameter decreases 
from large values as (2/3fc) , while the deceleration parameter 
is 1/2. As R and u increase with time, H decreases further 
and q increases until, at u = 1, the scale factor R reaches a 
maximum value R^ given by eqn (6.3). At this time, which we 
denote by t = t , H - 0 and q = °°. Since the second deriva- 
tive of R is always negative for models with X = 0 (see eqn 

(4.23) ), the attainment of the maximum scale factor is fol¬ 
lowed at once by a contracting phase in which R decreases 

from R to zero, H increases from zero to infinity, and q de¬ 
ni 

creases from infinity to 1/2. These details follow from the 
time-reversibility of the equation of motion, which also 
implies that the time for a complete oscillation, in which R 
goes from zero to R and back to zero, is T = 2t . 

Given this general picture of an oscillating universe, 
one may ask (i) how long is an oscillation, i.e. what is the 
expression for T , and (ii) how does the maximum extent of 
the universe compare with its present extent, i.e. what is the 
ratio R^/R q ? The answer can be given in terms of the present 
value of either the deceleration parameter q or the density 
p, these quantities being related through eqns (6.1) and 

(4.24) with X = 0: 
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<?r> = 


°o = Po / 2 P c o- 


( 6 . 21 } 


The time T is found as the first time after t * 0 at 
which R = 0 and hence u = 0. From eqn (6.19) this is 


T = - sin’ 1 (0) 
a 



( 6 . 22 ) 


C can be found from eqn (4.30) with L Q = 0 and with o Q re¬ 
placed by q Q according to eqn (6.21). The result is 


T 



U- 2 *ol 


-3/2 


TCf ?0 _ 

fl 0 /(2) (<7 0 -0.5) 3/ 2 


(6.23) 


since ^ Q >0.5 for k = +1. 

The present value R Q of the scale factor is found from 
eqn (6.18*) with k = +1 and is 



comparison with eqn (6.3) gives 



(6.24) 


as the factor by which intergalactic distances increase in 
going from the present time to the time of maximum scale fac¬ 
tor . 

As an example, consider the estimate q Q ~ 1 introduced in 
Section 6.23. This leads to 


T -j 1 ~ 11 x 10 10 years; fJr ~ 2 (6.25) 

o 

where the estimate 1.8 x io 10 years for H^ 1 has also been 

used. Note also that as q Q decreases towards the critical 

value 0.5, or equivalently as the present density p Q decreases 

towards the critical density p both T and R //?„ increase 

c u m 0 

indefinitely: the universe finds it increasingly difficult to 
muster adequate gravitational attraction in order to contract 
again. 
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6.2.6. The k = -1 case; the Milne model 

While an oscillation occurs for k - +1, indefinite expan¬ 
sion takes place for k = -1, as noted in eqn (6.4). The 
dynamical parameters are given directly by eqns (6.17) and 
(6.18): 


H 


c 3 (l+u 2 ) 1 * 

C 3 
u 


(6.26) 


4 


1 

2 ( 1 +u 2 ) 


(6.27) 


It is seen that both decrease steadily as the expansion con¬ 
tinues (Fig. 6.4). 



FIG. 6.4 The Hubble parameter H and deceleration parameter q for a model 
with A = 0 and k = -1. This is an indefinitely expanding n.odel. 

After a sufficiently long time in a (k = -1, X =0)-model 
the scale factor is so large that the differential equation 
governing the expansion thereafter can be taken to be 

R 2 = <? 2 , i.e. R - ct . (6.28) 

In this (terminal) part of the history of the universe 
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H = 1 It and q = 0. (6.29) 

Since the deceleration parameter is zero in a model specified 
by eqns (6.28) and (6.29), every galaxy moves with constant 
speed. This is therefore the Milne model introduced in 
Section 2.6. 

6.3. MODELS OF ZERO TOTAL ENERGY 

These models are specified by k = 0 in Newtonian cosmology. 

The basic differential equation becomes 

f > 2 = f + t* 2 - (6 - 30) 

This equation can be integrated. To see this one can change 
the dependent variable by means of a constant 3, to be deter¬ 
mined later, as follows: 

y = e/? 3 , y 2 = 9 e 2 fl 4 ff 2 = 9 3 2 ff 4 (| + |fl 2 ). 

It follows that 


y 2 = 3x[^p/ +J / 2 ] = 3X(2 y+y 2 ). 
In the last step we have chosen 

3 = 2A/3C, 


which conveniently removes some of the factors from the dif¬ 
ferential equation. The equation is now 

-^ 5 - = -^ 5 — = /3X it. 

/(2 y * y i ) /((»+ 1) 2 - 1 ) 

Integrating from t - 0, when it is assumed that R = 0, i.e. 
y - 0, one has with z s y + 1 


[* _, 

J /((iy + l) 2 ~l) 


✓3X t 


or 



1 


/(s 2 -l) 


= /(3A )t . 
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The left-hand side is a standard integral which yields 
cosh”^. Since cosh x = ! s(e x +e" x ), cosh 0 = 1, so that the 
lower limit of the integral contributes cosh' 1 1=0. It fol¬ 
lows that 


cosh(/(3A)t) = z = y + 1 =■ %R l + 1. 


Hence 


= cosh(/(3A) t) - 1 (6.31) 

Two cases arise in this model. If A>0, the model is an 
expanding one. Indeed for large times one approaches the con¬ 
dition of an almost empty universe with 

* 3 = | exp (/(3X) t) (6.32) 


so that 


r, rl l/3 

/?(*) = exp | /(A/3) 1 1 

H = /(A/3) 
q = -1. 


(6.33) 


This condition of negligible matter density is approached by 
many indefinitely expanding models and it is sometimes 
referred to as the de Sitter model. 

It is a fairly simple matter to obtain the Hubble para¬ 
meter and the deceleration parameter 


fXY^ sinh /(3A)t 
\3/ cosh /(3A)t - 1 


(6.34) 


2 - cosh /(3A )t 
q “ 1 + cosh /(3 X)t * 


(6.35) 


Eqn (6.34) is found by differentiating eqn (6.31) with res¬ 
pect to time and multiplying the result by (C/2XR^) to find 
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B = * - 
H R 


2A./T 


/(3A) sinh /(3 X)t. 


Eqn (6.34] follows by using eqn (6.31) in the result. 

To obtain eqn (6.35), two differentiations of eqn (6.31) 

. ? 

and multiplication by C/AXRR yield 

, . , RR 3 C 

1 + h —s- = - 


4i?J? 


cosh(/(3A.) t) . 


On the left we have 1 - q/ 2. The right-hand side involves 

• 2 

RR which is, by eqns (6.30) and (6.31), 

c[l+|^ = C{l+*[cosh /(3A.) t-l]} 

= j[l + cosh /(3A.)t] 


Hence 


1 ' 2 " f[l + cosh 


and this yields eqn (6.35) in the form 


q _ 2 ‘ r+ cosh 


In the limit X + 0 one can use 

3 2 4 

sinh x ~ x + ~j>, cosh x ~ 1 + + tj 


to again find the characteristics (6.8) of the Einstein-de 
Sitter model. 

Recall that for a real a 


cosh 




cos a . 


It follows that if A<0, eqn (6.31) becomes 



1 


cos (V( 3 | A I ) t) 







SOME SIMPLE FRIEDMANN MODELS 


105 


so that 


*(*) 


2 


j^|-J[l-cos(/(3|X|)t)] 


(6.36) 


This is an oscillating model, and the formulae obtained in 
this section can be re-written for this case by making the 
appropriate transitions from hyperbolic to trigonometric 
functions. 

6.4. MODEL UNIVERSES IN WHICH THE COSMOLOGICAL FORCE 
PREDOMINATES {C = 0) 

The cosmological differential eqn (5.9) has a number of fea¬ 
tures which are of interest in areas beyond cosmology. In 
order to make this as clear as possible, we shall in this 
section consider a simple problem of mechanics and re¬ 
interpret it in terms of our cosmological model at the end. 
Problem. A small channel allows a particle P of mass m 
to move on a straight line through the centre, 0, of an 
otherwise uniform sphere of density p, radius tf^and sur¬ 
face inward acceleration g Discuss the motion, 
assuming the particle never leaves the sphere. 

Solution . 

(i) The equation of motion . 

When the particle P is at radius x from the centre, the 
force acting on it is due to the mass within the radius x . 

The mass outside this radius represents a spherically sym¬ 
metric distribution. One may think of it as generated by a 
set of concentric spherical mass shells and these do not give 
rise to a force at internal points. The equation of motion 
is therefore 


mx 


4n 3 
3 X 


n m 2 

p 2 - ~ CL mx 


(6.37) 


x 


where 



R ’ 


We have used the fact that the surface inward acceleration is 
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^0 



The sign shows that, as x grows, the particle P is subject to 
an increasingly strong acceleration in the negative re¬ 
direction, i.e. towards the centre 0 of the sphere. On the 
other hand, when P lies on the other side of 0, so that x is 
negative, then x is positive. This shows that the accelera¬ 
tion is in the positive x-direction, i.e. again towards 0. 

It grows again as |x| increases. One can thus see that the 
particle will oscillate about 0. 

Motion specified by the equation 

2 

x = - a x (6.38) 


is well known in many situations and is called simple harmo¬ 
nic motion. In the present case, however, it is physically 
clear why the restoring force increases with |x|: more and 
more spherical shells of matter act to attract P as |x| in¬ 
creases. Thus simple harmonic motion is here not assumed; it 
results in a mathematically simple way from the given physical 
situation. 


(ii) Equation of motion if particle left the sphere 

The remark in the problem that 'the particle never leaves 
the sphere' must now be used. For if the particle left the 
sphere, then there would be situations for which x>R , the 
sphere would act as if all its mass were concentrated at its 
centre and the equations of motion would be 


mx 

mx 


4ti 3 Gm 

- t 0 * ' s 


2 c 3 - 2 

a m R x 


a 2 m /? 3 x~ 2 (x > R) (6.39) 

(x<-J?) (6.40) 


For negative x the acceleration is, by eqn (6.40), in a posi¬ 
tive direction, i.e. towards 0. One sees that the attraction 
back to the centre weakens for |x| >R as |x| increases, as 
one would expect. It is easier to jump on a mountain than at 
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sea level. In order to keep to our sign convention we need 
the two equations. For x - R eqns (6.37) and (6.39) become 
identical and for x - -R eqns (6.37) and (6.40) become iden¬ 
tical, as is needed for consistency. 

(iii) Solution of the equation of motion 

The solution of a second-order differential equation con¬ 
tains two constants, A and B say. The equation is 

x = - a 2 x, a" = ^Gp s (-i?<x<i?) (6.41) 

and its solution can be written 

x = A sin at + B cos at 
x = a (i4 cos at - B sin at) . 

In order to identify these two constants, two conditions must 
be imposed. These will be taken to be incorporated in the 
following: 

The particle is released with velocity v^ at 
radius r^ within the sphere. 

Put mathematically, we are requiring that 

at t = 0 : x = r^ whence B = r ^ 
at t = 0 : x - whence A = v^/a. 

Conditions of this type which specify a physical situation at 
the beginning or end of a developing situation are called 
boundary conditions . They enable us in this case to put 

x - (tfj/a) sin a t + r^ cos a ^t (6.45) 

x - cos at - ar 1 sin at. (6.46) 

(iv) The energy equation 

The solution (6.45, 6.46) lias the obvious property that 


(6.42) 


(6.43) 

(6.44) 
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x + * ° r \ = independent of time. (6.4 7) 

Since the right-hand side depends only on constants, the ex¬ 
pressions (6.47) are independent of time. A function of the 
coordinates which is constant throughout the motion may be 
called an integral of the equations of motion . The form of 
eqn (6.47) suggests that we are dealing with an energy equa¬ 
tion : 


E = h mx 2 + h mo} x 2 = h mv 2 + h ma 2 r 2 - constant.(6.48) 

To check that this is so requires the evaluation of the poten¬ 
tial energy of the system. 

The potential energy of the particle P at position x is 

obtainable as follows. The force of attraction is -a mx, and 

if the particle moves away from 0 (i.e. in the positive direc- 

2 

tion) it is subject to the equal and opposite force a mx which 
performs work a mx dx . Integrating over a whole path from # 0 
to x , yields the increase in potential energy in taking P from 
x Q to x , and this is 

i 2 r 22. 
i cl m{x -x 0 ) . 

If one takes the potential energy zero at 0, when x = 0, then 
one finds the potential energy correctly with respect to this 
zero only if is taken to be zero. With this sign conven¬ 
tion, one has indeed interpreted (6.48) as an energy equation. 
One has also made the potential energy always positive, so 
that E is always positive. This contrasts with the gravita¬ 
tional potential energy, which was made negative. 

(v) Time for a complete oscillation under gravity along a 
channel passing through the centre of the Earth 

Any simple harmonic motion (6.38) has a built-in periodic 
time, T say, of oscillation, as has been seen intuitively 
under (i) above. Algebraically, one observes simply that 

sin at = sinfa(t + ^)], cos at = cos[a(t + ^)] 
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which shows that 


7 = £ ■ 


(6.49) 


Treating the Earth as uniform and spherical (both rather rough 
approximations), one can substitute 


-2 


R = 6.37 x IQ 6 m 


g 0 = 9.81 m s 


in eqn (6.49) for the radius and the surface gravitational 
acceleration. One finds 



1000 s * 5045 s = 84.1 minutes. (6.50) 


The average speed for the complete circuit is 


6 


4 x 6.37 x IQ 
5.045 x 10 3 


-1 _ 5060 
330 


Mach - 15.34 Mach. 


5060 m s 


(6.51) 


We have here taken the speed of sound (about 330 m s 1 in air 


at 0°C) as a convenient unit of speed. 

The quantity a has the general characteristic of a spring 
constant. The larger a, the more rapid the oscillations and 
the less the maximum distance of travel from the attracting 
centre, if all other quantities are kept constant. 

The simple theory developed above will now be applied to 
investigate the effect of the cosmological force alone on the 
dynamics of the universe. 

The cosmological differential equation for a model uni¬ 
verse of negligible mass density (£7 = 0) is, by eqn (5.9) 



(6.52) 


and has therefore the form (6.48), provided we change the no¬ 
tation as follows 


x R, v 


I 



(6.53) 


For such a model universe to be an oscillating one, a must be 
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real by eqn (6.45) and A therefore negative by eqn (6.53). 
Inspection of eqn (6.52) now shows that k = - 1. The scale 
factor is then subject to oscillations with period 

T = ^ = 2n/(3/1 A. | ) , i.e. |X|T 2 = 12n 2 . (6.54) 

It is now the cosmological force constant X which has the 
properties of a spring constant. One sees that the greater 
|X|, the more rapid the oscillations: X corresponds to a 
single-particle cosmological attraction in the sense of 
Section 4.2. It is believed that if X is negative then 

| XI <3 x lo ' 36 s' 2 (6.55) 


whence 


T > 2 x 10 11 years. 

If the zero of cosmological time is taken at the last 
time of extreme compression, then x^ = R l = 0 and the Hubble 
parameter can be obtained from eqns (6,45) and (6.46): 

v, 

x * — sin at •+ R(t) = <?/( 3/|A|) s in (/(| A \ /3) t) , 


£ = a + ur + \ = 1 = A1^1/3) 

x tan at ^ ' R tan(/(|A|/3)t) 

The deceleration parameter is similarly obtainable from 

‘TT = tan2 at + q = tan 2 (/(|A|/3)t) 
x 

The model expands from t = 0 to jr e (tx/2) /( 3/1 A | . 
that time it reaches a maximum radius 


(6.56) 


(6.57) 

At 


/(3/|A|)c EE /? max (6.58) 

which increases as the cosmological force weakens. During 
this period, the Hubble parameter which initially decreases 
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from large positive values as 1/t drops to zero (see Fig. 
6.5). The deceleration parameter increases to infinity such 
that 


(6.59) 

remains constant throughout the period. There then follows a 
period of contraction also subject to eqn (6.59), and the state 
of very small E{t ) recurs at t = %T, when there is a singular¬ 
ity. During this period the Hubble parameter increases from 
large and negative values to zero. Whether or not re-expansion 
occurs is a difficult matter, already referred to in Section 
6 . 2 . 1 . 



FIG. 6.5 The Hubble parameter H and deceleration parameter q for a model 
with C - 0, A<0. This is an oscillating model which reaches its maximum 
extent for the first time after the initial explosion at time 
t = (*/2)(3/|A|)\ 

APPENDIX TO SECTION 6.2.4 
A simple integral 

With the substitution u = sin d, 
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/(«) = 2 f = 2 [ gjn 0 cos d dd „ 2 [® . 2 

J /(i-* 2 ) J cos 8 ‘J 

u 0 0 

= j (1-cos 20)dd = 0- — n 2 2d [ 


dO 


0 


= sin' 1 * - w/(l-* 2 ). 


Similarly the substitution u = sinh 0 results in 

% 

0 


r U 2 . 

\ “ 2 - 

sinh 0 cosh 0-0 

i /(!♦«) 



2 i 

= w/(l+w ) - sinh" w. 


PROBLEMS 

On Section 6.2 


(6.1) Show that the results derived in Section 6.2.4 are in 
agreement with those which would be obtained from eqns 
(4.24) and (4.27). 


(6.2) Show that in the initial stages of a big-bang universe 


R 


3 


9C. 2 
T t « 


_ 2 _ 
3 1 9 


Q - h 


and 


6ti p(£)Gt 2 = 1. 


(6.3) Assume that we are in the early stages of a big-bang 
universe. If 'the present* corresponds to 

t - t Q = 10 years, 

what is the present mean density of the universe? 


(6.4) Assume that we live in a big-bang universe with X = 0 
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as discussed in this 
the present value of 
the least equivalent 
will ensure that the 


Section. If l/# 0 = 10 10 years is 
the Hubble constant, what must be 
mass density p Q at present which 
model is an oscillating one? 


(6.5) A straight channel contains a fixed particle 0 of mass 
M at its origin, while another particle P of mass m moves 
under gravitational attraction away from 0, so that its 
velocity tends to zero as x = OP -* «>. 

Discuss the motion. What is the velocity of P near 
a: = 0? Specify the cosmological model which has the same 
formal structure. 


(6.6) A straight channel contains a fixed particle of mass 
M at its origin 0, while another particle P of mass m 
moves under gravitational attraction, and has a known 
velocity v q at OP = x^. Let OP he denoted by x, and let 
the time zero be chosen when the particle is started off 
from 0 in the positive x-direction. 

(i) Show that there exists an x = (positive, nega¬ 
tive, or infinity) at which the velocity of the 
particle vanishes and find it in terms of Xq and 
Explain why x 1 is an Effective* coordinate 
value in the sense that in some cases the particle 
will never reach this coordinate. 

2 

(ii) Using the substitution x/x. = sin (u/ 2), show that 

1 2 3 

the equation of motion is with a e 2 GM/x^ given 
by u sin 2 (w/2) = a, and that the total energy is 
E = - GmM/x j. 

(iii) Show that for oo>x 1 >0 the relation between x and 
the time t is 

at = Mu-sin «) = sin- 1 ^) - [ 

Show that the time for a complete cycle is 
t = In/a. 

(iv) Show that for 0>x 1 >-» the relation between x and 
t is with v = iu = real 
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at = *s(sinh v-v) = [ ( 1+ |^| )"*]-sim.-'(\±\ % ) 

(v) Interpret the above problem in terms of a model 
universe with X = 0. 


On Section 6.3 

(6.7) Obtain expressions for the Hubble constant and the 
deceleration parameter for a model having k = 0 and X< 0. 
Check that for small times they have the values appro¬ 
priate to the Einstein—de Sitter model. 

On Section 6.4 

(6.8) Verify that the model discussed in Section 6.4 satis¬ 
fies eqns (4.24), (4.27), and (4.28). 
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THE CLASSIFICATION OF THE FRIEDMANN MODELS 


7.1. DERIVATION OF THE CRITICAL PARAMETERS FOR THE STATIC 
MODEL 

It is possible to write the differential equations for B and 
. 2 

R in terms of a characteristic scale factor R* and a charac¬ 
teristic cosmological constant A.*. In order to arrive 
at these quantities in a natural manner we shall consider the 
equations R = 0 and R = 0. These have to be fulfilled if the 
universe is static. As Einstein's original cosmological ideas 
of 1917 implied a static model universe, he had to introduce 
the cosmological constant A ad hoc, and to give it the precise 
value X *. The investigation of this section is therefore not 
only of intrinsic, but also of some historical, interest. 

Two equations are needed, one for X* and one for R* in 
terms of quantities already defined. The first equation comes 
from the requirement that 

B =-—y + ^XB (5.15) 

2B i 5 

shall vanish when /? = /?* and X = X *. Thus 

2 B* Z X* = 3C, so that A* >0. 


Using this relation to replace C one finds for our two eqns 
(5.15) and (5.9), still kept general, but expressed in terms 
of A* and R *: 


R = 


R*X* 


[■(¥)’ 


■,2 _ B* 


,B* 


JLl 

x* /?*J 



3 -^]. 

R*^X* J 


We now use the fact that we want R = 0 at R = /?*. This leads 
to the required second equation for the (/?*,A*) -pair of 
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constants: 


2 + 1-3 


kc 4 


r* 2 x* 


0 


c 2 /** 2 . 


Since X* >0, this can be satisfied only if k = 1 and X* = 

* 2 . 

One can summarize our results as follows: 

3C 


, 6 2 

r * = \* = = — —>o. 

2c 2 ' 9 C 2 R* 2 


(7.1) 


Our two general differential equations can be written: 


R = 


2c 
9 C 


[■ (¥) : 


+ A. R] 

x* 


R 


2 



3 k 


and if we now introduce a dimensionless scale factor and cos 
mological constant 


x = R/R*, a h X/X* 


(7.2) 


the equations become 


•2 

x 


x 


b{| • <u , 2 - 
*"} 5 





(7.3) 


(7.4) 


6 2 

where 3 s 4 c /21C and y , w are defined as functions of x , a, 
k by eqns (7.3) and (7.4). 

Eqns (7.1) to (7.4) contain in a convenient form all the 
information needed for a complete classification of Friedmann 
models. The major distinction to be made is between ’oscil¬ 
lating’ and ’continuously expanding* model universes. Two 
remarks are in order here. First, since (7.3) does not deter¬ 
mine the sign of x , it does not distinguish between expanding 
and contracting models. We choose to consider only models 
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which are expanding for at least some part of their history, 
and therefore make the convention that 

. 2 

A model for which x is never zero is said to be 
continually expanding. (7.5) 

Second, oscillating models such as that of Section 6.2.5, in 

. 2 

which the scale factor passes through a maximum, have R =0 

. 2 

and therefore x - 0 at the time of maximum expansion. How- 
. 2 

ever, x = 0 at time t , say, is consistent with another 
’ m 

possibility - that the scale factor decreases from large 

values to a minimum at time t and increases thereafter. It 

m 

is a matter of taste whether such a model should be described 
as oscillating, since there seems no way in which it can re¬ 
contract and repeat the cycle. In order to keep our classifi¬ 
cation simple we make the convention that 

. 2 

A model in which x becomes zero at any time is 

said to be 1 oscillating 1 . (7.6) 


The Hubble parameter and deceleration parameter can be 
found from eqns (7.3) and (7.4): 


H 



+ our 



(7.7) 


RR xx xw 



3 • W-oj 

2 + our - 3 kx 

. 2 

Note that since x >0 the deceleration parameter has the sign 
of (1-ax 3 ). 

7.2. OSCILLATING AND CONTINUOUSLY EXPANDING MODELS 
The condition for an * oscillating’ model is, by eqns (7.3) and 
(7.6), that y becomes zero. Now y -> + ® as x -> 0, and y has 
the sign of a for large enough x. Thus if a<0 (i.e. A<0) y 
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changes sign and therefore has at least one zero. Further¬ 
more , 


g* = . + 2ax = 2x{a-i| (7.9) 

x 1 x J 

implies that if a<0, dy/dx<0 for all x. For each value of 
k there is therefore just one zero of y 9 at x = x , say, and 
y > 0 only for x<x^ (see Fig. 7.1(a)). It follows that 

Models with A<0 are 'oscillating* for k = - 1, 0, 1; 
their scale factor goes through a maximum . (7.10) 

If a>0 it is evident from eqn (7.3) that y is large both 
for small and for large x, and from (7.9) that dy/dx = 0 at 
just one value of x, x^ , say. This value of x must correspond 
to a minimum value of y (see Fig. 7.1(b,c)). So we define 

x, = a ~ 1/3 , 1 / . = — + ox, 2 - 3k = 3(a’ /3 -fe). (7.11) 

1 9 y min Xj 1 v J v 

If a>l (i.e. \>\*') then y . >0, so x 2 >0 for all 

v ^min ’ 

values of x, so that 

Models with \>\* are continuously expanding for 

k = - 1, 0, 1. (7.12) 

If 0<a<l (0<A<A*) eqn (7.11) shows that 2/ m j n >0 for 
k - 0 and -1, and y . <0 for k - +1 (see also Fig. 7.1(c)). 

It follows that x is never zero for k - 0 and -1, but is zero. 







23 ? 


o' 


(b) 


a=2 


(c) 


a=0-5 


FIG. 7.1 The function y (x) defined by (7.3), for various values of k and 
a. Only non-negative values of y represent attainable states of a model 
universe. 
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Models with 0<X<X* are continuously expanding for 
k = 0 and -1, and are 9 oscillating 9 for k = +1. (7.13) 

The X = 0 models have been included in (7.13) by referring 
back to eqn (6.4). 

The ’oscillating 1 models with 0 <X<X* and k = +1 are of 
two types. Since 2/ min <0 but M is positive for both small and 
large x , y must have two zeros, x 2 and x 3 (see Fig. 7.1(c)), 
such that x^ > 0 for x<x 2 aa d for x^>x^. This includes (i) a 
model in which the scale factor increases from zero to a maxi¬ 
mum value R*x 0 , and then decreases to zero. It also includes 
(ii) a model in which the scale factor decreases from large 
values to a minimum value /?*a: 3 and then increases without 
limit. Model (i) is not qualitatively different from the 
’oscillating' models of (7.10). Model (ii) , however, is of 
special interest as the first Friedmann model we have encoun¬ 
tered which is never of infinite density and therefore has no 
singularities . 

The only models not included in the classification of 
eqns (7.10), (7.12), and (7.13) are those with X - X* (a = 1). 
By eqn (7.11), these have a minimum value of y given by 

y . = 3(1-k). 

y mm v 

For k = 0 and -1 these models therefore have positive U min and 
are expanding. For k = +1, however, # - n is zero, and this 
zero corresponds to the Einstein static universe (x = a = k = 

1 and so from eqns (7.3) and (7.4) x - x - 0) . Near x - 1 we 
can show that x ~ 1 + (#(£^-1) exp (±/( 33) (t- 1 ^)) where t^ is 
a reference time (see Problem 7.3). Two possibilities are of 
interest. If x^t^) > 1 and the + sign is taken, we have a 
model which was close to the static model (a; = 1) in the dis¬ 
tant past, and is expanding away from it. This, the Eddington- 
Lemaitre model of 1930—31, is the second Friedmann model with¬ 
out singularities , and we shall not find any others. If on the 
other hand aK^) < 1 and the - sign is taken, we have a model 
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expanding from a zero scale factor and approaching, but never 
reaching, the static model. These results can be summarized a 
follows. 

Models with X - A* are continuously expanding for 
k = +1, 0, and -1. For k = +1 the static value R* 
of the scale factor acts as a boundary which cannot 
be crossed during the expansion . (7.14) 

7.3. THE SHAPE OF THE /?(£) CURVE FOR DIFFERENT MODELS 
In order to discuss the shape of the /?(£) graph we consider 
the second derivative x given by eqn (7.4). Evidently x is 
negative for small enough x, whatever the value of a. Also 
x is negative for all x if a is zero or negative, while if a 
is positive x becomes positive for x>x where x l s was 

introduced in eqn (7.11). Since x determines the curvature of 
the x(t ) graph, it is now possible to sketch this graph for 
different models. Two main classes emerge: 

(a) Big-bang 1 oscillating r models 

These occur for A. < 0 (see eqn (7.10)), and for 
0<A.<A.* and k = +1 (see eqn (7.13)). In all cases x < 0, so 
the graph looks like Fig. 7.2(a). The deceleration parameter 
q has the sign of (-x) and so is positive. 




FIG. 7.2 Scale factor as a function of time for two classes of model. 

(a) Big-bang oscillating models. (b) Models with A > 0 which expand 
indefinitely. 

(b) Big-bang models with A. > 0 which expand indefinitely 
These occur for A.>A.* (see eqn (7.12)) and also for 
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0 < \ <\* if k = 0 or -1 (see eqn (7.13)). In these models x 
changes sign at i? = R*x x = /? x , and the expansion rate also 
goes through a minimum at this value of R (see eqn (7.11)). 

The graph looks like Fig. 7.2(b), and the deceleration para¬ 
meter changes sign from positive to negative as R passes R . 

7.4. MODELS EXHIBITING A MINIMUM IN THEIR EXPANSION RATES 
The requirement R = R = 0 leads to the static Einstein model, 
whereas the less restrictive requirement that R - 0 at some 
time leads to the ’oscillating' models. We now consider 
models which have R = 0 at some time, and which therefore ex¬ 
hibit an extremum in their expansion rate R. In fact, only 
a minimum in the expansion rate is possible. The condition 
for this to occur is 

x = 0 i.e. x = where ax 1 =1. (7.15) 

The minimum rate is obtained by putting eqn (7.15) into eqn 
(7.3) to find 



A minimum exists for fc = 1,0, -1, but it can be zero only if 
Xl = 1 and k = 1. The second class of models considered in 
the preceding section is of this type. These models are of 
interest in that their age can exceed the Hubble time, as is 
shown in Fig. 7.3. Indeed if k = 1 the age can for suitably 
chosen \>\* be arbitrarily long. This will now be investiga¬ 
ted (see Fig. 7.4). 

Consider a small departure in x from x = x^ given by eqn 
(7.15). For example let x^ = x^ + A, &<x^. Then the expan¬ 
sion rate at this scale factor is given by eqn (7.3), if the 
cubic term in A be neglected: 


(i 2 ) 2 



(7.17) 


This expression reduces correctly to eqn (7.16) when A = 0. 
It also shows that the same expansion rate will be found at 
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FIG. 7.3 The Lemaitre model (k = +1) exhibiting increasing coasting 
periods as X approaches X*. (a) X/X* = 1.2, (b) X/X* = 1.05, (c) X/X* = 

1.01. At point A the Hubble time divided by the age is only 1.4/4 = 0.35. 



FIG. 7.4 A model with a minimum in its expansion rate. 


= x 1 - A. For x ~ 1, i.e. for a ~ 1, the expansion rate 
is thus seen to be very small in the scale factor range 
Oj-A, x^ +A). But the corresponding time interval x need not 
be small as will now be shown. 

Fig. 7.4 shows that 2A/x is an underestimate of (i) 2 and 
an overestimate for (i) . Hence x is encapsulated within two 
inequalities: 


2 A 

(*) 2 


< x < 


2 A 

1517 
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This tells us that 


4A 

~w 


2 3 

- x i ' 


^ 2^4A 2 X 1 
r? 3& i -x 


1 


(7.18) 


2 

so that t >4/33 if x. ~ a ~ 1. It shows that for x = 1 - n 

1 • 2 1 
(n^l) the minimum rate (x ) ^ = 33n, which is near zero, can 

effectively continue for an interval of time which need not 

vanish with A. 

During this 'coasting 1 period the scale factor lingers 
near the value H*x^ . Models with a long coasting period were 
first considered by Lemaitre. Apart from allowing an age 
greater than , and thus avoiding conflicts of evidence of 
the kind mentioned in Section 1.3, they have another property 
of interest. According to general relativity, as noted in 
Section 10.7, the observed red-shift of a source depends only 
on the ratio of the scale factors at the times of emission and 
observation of the light by which the source is seen. Thus, 
in a universe in which the scale factor is roughly constant 
for a long period, many sources should be observed with red- 
shifts in a single comparatively small range. Quasi-stellar 
objects were at one time thought to exhibit such red-shift 
clustering, but the evidence is not conclusive [1,2]. 

The two-fold classification of models in this and the 
last section has left out several important models, those 
with A = 0 or A = A*, and also the singularity-free oscillat¬ 
ing model of eqn (7.13). Graphs for these models are inclu¬ 
ded in Fig. 7.5, which summarizes the main results of this 
chapter. The figure shows that indefinite expansion is en¬ 
couraged by either increasing A or by decreasing k through its 
permitted values k - +1, k - 0, and k = -1. This can be 
understood intuitively since the cosmological force is increas 
ingly repulsive as A increases, and since, for given p () and A, 
the decrease of k represents an increase in kinetic energy. 
Both tendencies encourage expansion. Note also that the 
singularity-free models, like the steady-state model, find 
difficulty in explaining the microwave background radiation. 
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General formulae: 


C=$?Gp(t) R(t)\H=^.q= ™ 

3 K R 2 

iR*=-lCt\H=± r q=\\ 6 nGp(t) t 2 = 1 

++ /?(r) = /?(/,) exp [ N -$“(/—/j)], H =. (A/3). <7= - 1 This is the de Sitter state of negligible matter density 
3 for a >0 

ttt R=ct H=\/t, q= 0 This is the state of negligible matter density for <1=0 (the Milne model) _ 


FIG. 7.5 The main characteristics of Friedmann models. 

Problems 

(7.1) How do /?(£) , Hit) f qit) behave after long times in the 
Eddington—Lemaitre model (/?>/?*, A = A*)? 

(7.2) How do Hit), Hit) , q it) behave soon after the big bang 
in the (/?</?*, X = A*)-model? 

(7.3) By putting x = (1+d) , |d| <1, in eqns (7.3) and (7.4), 
show that a small perturbation of the Einstein static 
model ik = +1, A = A*) leads to an exponential rise or an 
exponential decay of x with time. Discuss in what sense 
this implies an instability of the Einstein static model. 
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THE STEADY-STATE MODEL 

8.1. BASIC EQUATION 

In this model it is assumed that the Hubble parameter, which 
has so far been treated as a function of time, is a true con¬ 
stant. The universe is in this case assumed to be in a steady 
state in spite of the expansion. This means that matter crea¬ 
tion has to be postulated throughout space in order for the 
average matter density to remain constant in any volume ele¬ 
ment. It follows at once that the energy equation, which is 
the basis of the cosmological differential eqn (5.9), cannot 
be taken over as it stands, since it does not contain a term 
which allows for matter creation. However, the equation of 
motion (5.14) is satisfactory as it can be regarded as derived 
from the force acting on a particle (see eqn (5.11)), and this 
force need not be altered by the creation of matter. We pro¬ 
ceed to consider the consequences of 
(i) the equation of motion 

5 » - . ( 8 . 1 ) 

2 R * 


where 


(ii) the steady-state conditions 

p(t) = p Q , H{t) = H q . (8.2) 

Not C, but only C/R *, is now a constant since p(t) must be 
constant at p Q . 

From the definition of the Hubble constant we have for 
any pair of times t 9 (cf. eqn (2.10)): 
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*(*)/*(*) = H Q9 i.e. tf(t) = fl(t 0 )exp{ff 0 (t-* 0 )}. (8.3) 

It follows at once that 

Bit) = H 2 R(t), qm --M- = -1. (8.4) 

0 on 2 

Combination of eqns (8.1) and (8.4) yields an identification 
of the Hubble constant 

^0 = " + 3 X = 3 X ’ "r° p 0‘ 

This makes sense only if the right-hand side is positive. 

An equation of this type was derived from a model which 
assumes the proton charge to be slightly in excess of the 
electron charge [1]. This theory was a generalization of the 
original steady-state theory [2] and provided a physical in¬ 
terpretation of the constant X . In this theory X is not an 
ad hoc constant for a cosmological force, but arises from the 
assumed charge excess. It will therefore be briefly discussed 
at the end of this chapter, even though it is not in agreement 
with experiment. 

8.2. THE MATTER CREATION RATE 

In order that the density of matter be constant in time a 
creation rate g of matter per unit volume is needed. In order 
to calculate it, assume radial expansion of a volume y(t) in 
time At to K(t+At). The volume expansion is best specified by 
imagining a smooth surface drawn through a set of named 
galaxies and thus ’frozen into the matter’. Then if this sur¬ 
face is a sphere whose radius increases from r to r + h with 
k <t , then 

7(t + At) = V(t) + 4 nr 2 h = V(_t) + 4nr 3 H Q At * y(t) + av. 

This newly ’created’ volume must be filled by galaxies of 
average matter density p Q so that a mass 

p Q AV = 4nr 3 # 0 p Q At 
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is needed. Dividing by V and At to obtain the creation rate 
per unit volume per unit time, one finds 

g = 3« 0 p 0 . (8.6) 

Taking H. as about 10" 10 years 1 or ^ x 10 17 s 1 and p 
as 10” kg m (10 gm cm ), one finds 

g = 3 x | x 10” 17 x 10” 26 kg m’ 3 s' 1 

= 10" 43 kg m" 3 s’ 1 . (8.7) 

This is equivalent to creating one hydrogen atom per century 
in a cube of side approximately 100 m since 

2xl0- 27 (kg) „ 5 x 10 -43 kg m -3 S -1 

4xl0 9 (s)xl0 6 (m 3 ) 

It would be extremely difficult to detect such creation rates. 

To see the error which we have avoided by using the 
equation of motion, instead of the energy equation, multiply 
eqn (8.5) by R 2 to find 

R 2 = - ^ Gp n R l - + R 2 . (8.8) 

R 

The energy equation would have yielded the result 

R 2 = ^ Gp 0 R 2 * yX R 2 + E/A, (8.9) 

and this is seen to be invalid in this case so long as E/A is 
a constant. 

8.3. THE THEORY OF AN EXCESS PROTONIC CHARGE 

We now indicate how the force term \R can arise as a result of unequal 

charges of protons and electrons in a steady-state model. Let m be the 

mass of a proton and (l+z/)e its electric charge. The mass and charge of 

an electron are and e = -e . Consider a mass M of N hydrogen atoms 
E b 

M = Nm + Nm c ~ Nm 
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in the form of a sphere of radius r within a concentric larger sphere. 

The electrostatic repulsion on a hydrogen atom situated on the outer sur¬ 
face of the inner sphere, due to the protonic charge excess, is (in cgs 
units) 

F = $. e . y e = V e2 

E 2 2 * 

r m v r 

The charge outside the sphere has no effect for a uniform distribution. 

The same holds for the gravitational effect. The gravitational attraction 
of M on the surface atom is 


Mm 

F = G—-£ 
G 2 

r 


The ratio is (in cgs units) 


F c 2 2 / v 

Jl = = (y±\ 

F r _ 2 \7ar) 

G Gm P 


2 P . 


( 8 . 10 ) 


The net repulsive force is, with M = 4tip q /? /3, 

GMm 


m y 1 ' “ F E “ F G ” ^ = T'^" 1 ' )G ^p p 0 r ‘ ( 8 - n ) 


Since the particle is participating in the Hubble law expansion, and putting 

2 - ..2 


r = 


r = r. 


( 8 . 12 ) 


where eqn (8.4) has been used. From eqns (8.11) and (8.12) 

3 H 2 

H o 2 = T ( »" 1)Cp o* i - e - ,J = 1 + 4^- ( 8 - 13 ^ 

-29 -3 1 -17 -1 

Adopting cgs units and p Q ~ 10 g cm , Hq ~ j 10 s , eqn (8.13) 
gives 


M 


10 


-34 


-8 _ ?q 

3x4nx(6.67x10 )(10 ) 


~ 5. 


(8.14) 
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Hence eqn (8.10) yields in cgs units + 

/(CM)m p / (6 . 67x5) ip' 4 x (1.672X1Q- 24 ) „ ln -18 (g _ 15) 

e 4.802 x 10‘ 10 

The theory therefore suggests that the expansion of the universe is 
driven by a disparity of charge given by eqn (8.14). Indeed, comparing 
eqns (8.5) and (8.13), the electrostatic repulsion is seen to be equiva¬ 
lent to the existence of a cosmological constant 

A = 4k yGp . (8.16) 

3 

In a model which is not in a steady state one would have M = (4ic/3) p(t)/? 

•z 

instead of (4it/3)P 0 # , and would then not find an equivalent cosmological 
constant (8.16). 

The theory in this simple form can be rejected on two conclusive 
grounds. First, by eqn (8.10), the ratio of electrostatic to gravitatio¬ 
nal forces FjF n is the same for all spheres of hydrogen, including stars. 
E G 

The observed fact that stars are stable against their own radiation pres¬ 
sure then implies that F E <F Q and H<1, in contradiction to eqn (8.14). 
Second, experiments suggest a limit on y which is much lower than eqn 
(8.15). In fact y<2 x 10" 21 , leading to p<5xl0 6 [3]. 


-19 

t In SI units we have e - 1.602 x 10 C and 

/(66.7x4.98)10" 6 (1.672xl0‘ 27 ) _ „ „ ,„-18 

y = --yg—-- = X 1U 

1.602x10 /^C4ne 0 ) 

-1 2 -1 

where e = 8.85 * 10 Fm . The square root term in the denominator 
0 2 2 
arises from the force law in SI units, which is e /4Ke Q r . 
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UNIVERSES WITH PRESSURE 

9.1. AN ENERGY CONSERVATION LAW INVOLVING PRESSURE 
The interesting and important point to be made now, and to be 
discussed in more detail in Section 9.2, is that for uniform 
cosmological models we have not gone wrong in deriving eqn 
(5.9) or (5.IS) from Newtonian mechanics, for these results 
follow also from general relativity and eqn (5.9) holds for 
non-zero pressure even though the pressure does not occur 
explicitly. An independent relation is therefore needed to 
calculate the pressure. It is given below as eqn (9.3). 

The generalization of eqn (5.15) which allows for a non¬ 
zero pressure p is 

R = - ^ G(p+3pu/e 2 )R + jAA (9.1) 

The first term is exactly the same as the first term in eqn 
(5.15) : 


- ~Gp[R(t^ ] 3 /2ff 2 = - C/2/? 2 . (9.2) 

The last term is also the same. The second term with y, = 1 
arises from the general theory of relativity, when the relati¬ 
vistic field equations are applied to cosmological models. 

This term asserts that the gravitational acceleration acting 
on a volume element is due to the material density p to which 
a term proportional to the pressure in the fluid has to he 
added. This effect is closely related to the two relativistic 
notions (i) that all energy has mass, and (ii) that all mass 
is subject to gravitational effects. The energy involved in 
this case is the term p 67, the pressure energy in a volume 6V, 
with which a material density 3 p/a 2 is then associated. In 
the limit c-**> relativistic results tend to lead to correspond- 
ing results in Newtonian mechanics. Hence one can see that if 
the Newtonian picture is taken seriously we might equally well 


UNIVERSES WITH PRESSURE 


131 


put u = 0, and arrive again at eqn (5.15). Thus the value of 
U distinguishes between two different theories. However, only 
the case u = 1 (general relativity) yields results which, for 
the models considered here, would currently be regarded as 
correct. 

The modification given above to Newtonian theory 
brought about by putting u = 1 does not involve the full 
apparatus of general relativity. One may think of it as New¬ 
tonian, amended by the principles (i) and (ii) discussed 
above. It will be termed the 'amended Newtonian theory', and 
we shall proceed to develop it further, and drop now the 
simple purely Newtonian theory. If in this relativistic (i.e. 
generalized) theory the pressure term is neglected, one speaks 
of dust or incoherent matter. 

Although the matter density p has been assumed constant 
in space at any one time, it has been also assumed to change 
in time t. Thus changes d E in energy E within a fictitious 
surface S* which is frozen into the matter can occur in time 
intervals dt. The law of energy conservation then requires 
that 


d E 
dt 


+ 


dV n 
p dt = °’ 


(9.3) 


2 

where in our amended Newtonian theory one can put E/V = pc by 
virtue of (i). Eqn (9.3) attributes the rate of energy gain 
to the rate of compressional work done on the matter within 
the surface S* by the fluid external to S* . The volume within 
S* has been denoted by V. The result (9.3) holds for all 
uniform cosmological models also in the general theory of rela¬ 
tivity [1], and is the independent result needed for the cal¬ 
culation of the pressure. 

In addition to eqns (9.1) and (9.3), one requires an 
equation of state for the cosmological fluid. This relates 
its density to its pressure. Several examples will be given 
in Section 9.3. 

It will also be assumed that a constant relates the 
volume V of S* and the cube of the radius of S *; this is ob¬ 
viously valid in Newtonian theory, but it also holds in 
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general relativity for all cases of interest in this book 
(i.e. for Robertson—Walker metrics): 

v = aR 3 . (9.4) 


Eqns (9.3) and (9.4) imply that 


d (p/? 5 ) _ d/? 3 

d t 2 dt 

c 


(9.5) 


2 

where p is the mass density and pc the energy density. This 
is an equation for the pressure, a dot denoting differentia¬ 
tion with respect to time: 


- -ip = P + \rq/r, 
c ° 

or, written differently, 


(9.6) 


P +p/c* 



(9.7) 


This result, which (using eqn (9.4)) is equivalent to the 
energy conservation eqn (9.3), holds for homogeneous models 
also in general relativity, not only in the amended Newtonian 
theory. 

An additional assumption involved in eqn (9.3) is that 
the processes which take place are slow enough for the pres¬ 
sure p to be representative of thermodynamic equilibrium. If 
it differed from the equilibrium values the right-hand side of 
eqn (9.3) would not be zero. For a change which takes place 
over a period of time, this means that at each instant during 
this change the system is assumed to be in thermodynamic 
equilibrium. Such changes are studied in the science of 
thermodynamics and are then called quasistatic changes [2]. 

In addition it is assumed that heat exchanges between dif¬ 
ferent volume elements can be neglected. 

For zero pressure one finds from equns (9.3), (9.5), or 

(9.7) 


p(t)[«(t )] 3 


independent of time, 


i.e. 


P 

P 


3§, (9.8) 
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which we know already from our zero-pressure Newtonian model 
(cf. eqn (5.4)) . 

The first and second law of thermodynamics for fluids 
subject to quasistatic processes can be expressed by 

d E + pdV = TdS , (9.9) 


a generalization of eqn (9.3). Here T is the absolute tem¬ 
perature and S is the entropy. This introduces a term TdS/dt 
on the right-hand side of eqn (9.5), a term -TS/?>R 2 R on the 
right-hand side of eqn (9.6), and modifies eqn (9.7) to 


1 R p_ TS 

^ R p+p/c 2 ZR 2 R (p+p/e 2 ) 


(9.10) 


However, the terms involving dS or S vanish for zero heat 
exchanges, as usually assumed in this kind of work. This is 
forced on the present investigations by the assumption of the 
isotropy of the model. Heat exchanges pick out preferred 
directions and so disturb isotropy. 


9.2. THE DIFFERENCE BETWEEN THE AMENDED NEWTONIAN AND THE 
RELATIVISTIC THEORY OF UNIFORM MODEL UNIVERSES 
It was seen in Section 5.2 that an equation of motion can 
yield an energy equation by integration. The generalized 
equation of motion (9.1) should therefore also yield an 
energy equation. To see this, multiply this equation by 2 R 
and eliminate the pressure by eqn (9.6), thus using the amen¬ 
ded Newtonian theory, to find 

2 RR = - ^p[(l-3u)p/?S-Utf 2 p] + jXRF. 


Integrating from a fixed time ij (say) such that fl(tj) = to 
a general time, 


t)‘ 


[u# 2 p + (3u-1) dt + + 



1 


2 

(9.11) 


For u * 1 (i.e. for the case of general relativity) the inte- 
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gral in eqn (9.11) is 



1 


so that 


8tiG d 2 

~t~ pR 


+ 


2 &rrr. o 



(9.12) 


1 


If the constant of integration is denoted by 



(9.13) 


one can see that we have recovered precisely the earlier zero- 
pressure Newtonian eqn (5.9), whose range of validity has thus 
been enormously broadened: it is valid for uniform model uni¬ 
verses of non-zero pressure when treated by general relativity. 

A most important change has occurred in passing from 


eqn (5.9), 



to eqn (9.12) , 



It is that pi? 3 can no longer be assumed as constant in time: 


this holds only for zero-pressure models (see eqn (9.8)). 

Thus the models to be investigated now will exhibit dependen¬ 
ces of p on the scale factor which have not been encountered 
in earlier sections. 

It is convenient to regard eqn (9.12) together with eqn 
(9.13) as the first of our main equations for uniform univer¬ 
ses with pressure. The second equation must then specify the 
pressure, and one could use eqn (9.1) with u = 1. However, it 
is more usual to use the equation derived by adding (2 /R) 
times eqn (9.1) to R~ 2 times eqn (5.9). This leads to can¬ 
cellation of the term (8n/3)Gp and one finds 
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(9.14) 


Thus eqns (9.12) and (9.14) can serve as our main equations. 
They are precisely the appropriate equations which are fur¬ 
nished by general relativity. In that sense there is no dif¬ 
ference between the amended Newtonian theory and general 
relativity. 

Alternatively one can use eqns (9.12) and (9.5) as the 
equation for the pressure. This will in fact be our proce¬ 
dure here. In Section 9.4 we shall use the first law of 
thermodynamics in the form (9.5). In Section 9.5 we shall 
apply the energy eqn (9.12) (or (5.9)). 

9.3. THE THERMODYNAMICS OF SOME IDEAL FLUIDS 
One may suppose that the cosmological fluid behaves locally 
like a simple fluid whose pressure is determined by an equa¬ 
tion of state . This is a relation connecting three variables 
of a fluid. For example, thermal equations of state have the 
form 


P = P(V,T), 


and the ideal classical gas furnishes the best-known example 
in 


p = NkT/V. 


(9.15) 


Here T denotes the absolute temperature measured in degrees 
Kelvin, N is the number of molecules in volume V, and Boltz¬ 
mann’s constant is 


k = 1.3806 x 10~ 16 erg per degree Kelvin 

= 1.3804 x 10~ 23 Joule per degree Kelvin [JK -1 ]. 


Here we shall use also the equation of state of an ideal quan¬ 
tum gas 


pV • gU or p * gpc 


2 


(9.16) 
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where g is a constant and U is the internal energy. 

It is shown in books on thermodynamics (see Problem 9.5) 

that 



Multiplying by V/g and using eqn (9.16), 



Suppose that there exists a function / such that 
UV 9 = f(TV 9 ) $ /(z), Z = TV 9 . 


(9.17) 


(9.18) 


(9.19) 


It follows from this assumption that 



and 


(2£) = - + si 

\zv) T v u v ai- 

It is therefore seen that eqn (9.19) satisfies eqn (9.18) for 
U. In fact it can be shown that eqn (9.19) is the only solu¬ 
tion (see Problem 9.6). 

The second law of thermodynamics states that for quasi¬ 
static processes there exists a function S of state, called 
the entropy of the system, such that 


ds = r* 1 (dy+pdp). 


(9.20) 


We can find properties of the entropy of an ideal quantum gas 
by multiplying eqn (9.20) by TV^ to find 

TV 9 AS = V 9 (,AU*2^-dV) = d (UV 9 ) . 


It follows that 
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(9.21) 


so that 


constancy of UV& 9 constancy of z , constancy of S 
are equivalent for an ideal quantum gas. 


} (9.22) 


This result will be useful in Section 9.4 and in Problem 
9.10. 

We next wish to discuss the ideal classical gas. Observe 
that eqn (9.15) in eqn (9.17) yields 



whence 


(dU/ZV) T = 0 (ideal classical gas) 

(9.23) 

It follows that U is a function of T only. Hence the heat 
capacity at constant volume is 



(9.24) 


where eqn (9.20) has been used. The heat capacity at constant 
pressure, on the other hand, contains two terms: 



It follows that 



+ Nk 


dU 
d T 


+ Nk. 

(9.25) 


C p - C y = Nk. (9.26) 

For a generalization of this result, see Problem 9.7. 

It is easily shown that an ideal classical gas of con¬ 
stant 0^ is in fact an ideal quantum gas. For C^ is then also 
a constant, so that eqn (9.24) yields 


V = C V T 


( 9 . 27 ) 
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if one assumes that U + 0 as T •+ 0. Multiplying eqn (9.27) 
by Nk/{C -Cy) 9 


U » 


-NkT = 




v = 


Y " 1 * 


= 0 / 0 , 

p v 5 


(9.28) 


where eqn (9.15) has been used. Since Oy 9 C^ are constants, 
Y is also a constant. Hence a form of eqn (9.16) has been 
obtained with 


g - y-1 (classical ideal gas of constant 

heat capacities). (9.29) 


It can be shown from kinetic theory or from statistical 
mechanics that if the particles of the gas consist of struc¬ 
tureless, weakly interactingmolecules moving in 1, 2, or 3 
dimensions, the heat capacity is 

C y = jNk, Nk, or jNk 

respectively. In these cases eqn (9.26) shows that 

T9 5 

Y = 3, 2 , 3 


respectively. If the particles of the gas are diatomic mole¬ 
cules in three dimensions with two rotational degrees of 
freedom^ a further term Nk is added to Cy so that 


C 


V 



C 

V 


Ink, Y 


7 

5 ’ 


More generally, for particles with / degrees of freedom. 


C v = C = ^ Nk , Y 


1 


+ 


2 

f * 


A particularly important type of ideal quantum gas is 


t These are in this case rotations about the two axes perpendicular to the 
axis joining the atoms. 
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black-body radiation at temperature T . Such a system is 
specified by a special form of eqn (9.19), namely 


9 = fO) 


4 

ax , a 


8 uV 

15 ,3 3 
h c 


7.5641x10 15 erg cm 3 K” 4 
7.5641x10* 16 J m' 3 K' 4 . 

(9.30) 


It follows from eqns (9.19) and (9.16) that 

- 7* 4 Vo 4 

[/ = y ,3 aT v' 3 = aT7 = 3pV (9.31) 

and from equn (9.21) that dS = 4az 2 dz, so that 

4 3 4 4 4 

TS = jaz . (9.32) 


The pressure can in this case be visualized by imagining 
radiation to be composed of particle-1ike entities, called 
photons, which would be reflected by a surface held in the 
system. They would in fact bounce off like ordinary particles. 
However, the energy of these particles arises from their mo¬ 
tion and not from any inertial (rest) mass associated with 
them. Thus p stands in this case for radiation pressure. 

One may also associate a number of photons 


N r = 60 - 42 (^f) 3t '’ (3) = 60.42), 

= - ° - ^ - 3 - 1 %T 5 V = 0.3702 ^—V 
n 4 k k 


(9.33) 


with the radiation, where 


£(«) ■ l 3~ n (n>0), c(3) = 1.202 (9.34) 

3 = 1 

is the so-called Riemann zeta function. Because energy is 
equivalent to mass, one can express the energy as equivalent 
mass density per unit volume 


U 

V 


aT 


°T C 


(9.35) 


The entropy per unit volume is then 
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S _ 
V 


4 

3 


2 

p r C 


T 


(9.36) 


9.4. SCALE FACTOR DEPENDENCES IN UNIVERSES WITH MATTER AND 
RADIATION 

The early universe can probably be modelled by thinking of it 
as containing both matter and radiation, to be denoted by 
suffices m and r respectively. If p(t) is the equivalent mass 
density and p the pressure, one then has 


P = P„ 


P = P„ 


(9.37) 


The matter content will be modelled by an ideal classical gas 

of constant heat capacities as discussed in Section 9.3. Let 

n be the number density of gas particles of rest mass m . 

m u 

The internal heat energy per unit volume at temperature T is 


then by eqn (9.28) 


m 

T 


(Y-l) _1 n kT , n 
v m m m 


m 

T" 


(9.38) 


where n is the number of gas particles per unit volume. To 
m 2 

obtain p m this has to be divided by c , and the mass density 

due to the rest mass of the particles has to be added: 


P ~ n m n 
m m 0 


(Vi)'V 2 n m feT ra . 


(9.39) 


The pressure contribution is obtained from eqn (9.15), 


P 


m 


n kT . 


m m 


(9.40) 


The radiation is modelled by black-body radiation in the same 
volume, so that by eqns (9.3) and (9.31), 

P r = ac' 2 r r 4 , p r = gP T e 2 = J ar r 4 - (9.41) 

We shall substitute eqns (9.39) to (9.41) into eqn (9.5) in 
the form 


d(pi? 3 ) + pc 2 dtf 3 = 


0 
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or equivalently 


^(p/? 3 ) + 3 P <rV = o. 


(9.42) 


This yields 


d r . 

7TB\ n 171 
d/?L m 0 


kT 


-n R^+AtT 4 fl 3 l + -Hpfn kT +\aT 4 ] = 
,m 2 r J 2 [ m m 3 r J 


<? (y -1) c - c 

There are now a number of cases of interest. 


0. 

(9.43) 


(i) Dust or incoherent matter alone 

These terms are applied to matter which does not exert 

3 

any pressure. It follows directly from eqn (9.42) that n R 
is independent of time. Thus, if C is independent of time, 
and using eqn (9.27), 

p = C R ' 3 . (9.44) 

mm v ' 

(ii) An ideal quantum gas alone 

We shall consider the extreme relativistic region in 
which the energy due to the rest mass of the particles is 
neglected. Problem 9.10 deals with the appropriate generali¬ 
zation. Using eqn (9.16) in eqn (9.42), 

R Z gf + 3p R 2 + -\gpa 2 R 2 = 0 
c 

so that 


dp 


P 


3 (i + *)tF 


Thus an ideal quantum gas, when taken as the cosmological 
fluid, implies an expansion of the universe such that the fol¬ 
lowing quantities are independent of time: 


p ff 3 (l+3)^ pv l *9 = ( pV)V g , UV g , S. (9.45) 


In the last step eqn (9.22) has been used. The expansion of 
dust is energy-conserving by eqn (9.44), but the expansion of 
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an ideal quantum gas is entropy conserving, while its energy 
decreases during the expansion as R~ 3g . This drop in energy 
is due to the work done by the pressure of the gas in the 
expansion. Apart from the constancy of S, case (i) is 
recovered if g = 0. 

In particular for an ideal classical gas of constant heat 

capacities and constant particle numbers, eqn (9.43) yields 

T = B where B is independent of /?(£), i.e. 

m 

T = [= BR~ 2 if Y = 4] 

m ' 

■»(./) i <9 ' 16) 

Pm R 5 c 2 (y-1) R 3y 

For black-body radiation, on the other hand, eqn (9.45) with 
g = 1/3, together with eqn (9.31), shows that 

p cc fl - 4 f a P 1/4 oc ff -1 . (9.47) 

r 9 r r 

(iii) Non-interacting matter and radiation 

In this case eqn (9.42) splits into two equations, one 
for matter and one for radiation, and one finds eqns (9.46) 
and (9.47), so that 

C C 

p = — + -L, T <* B 3C1 " y) , T <* if ' 1 (9.48) 

f?“ if 4 m T 

where a has the value 3 for dust and 3y ~ 5 when the gas pres¬ 
sure is not negligible. The gas and the radiation develop 
independently in the universe during the period in which the 
assumption of negligible interaction is applicable. 

A rough idea of the possible circumstances in an expand¬ 
ing universe of matter plus radiation may be obtained as 
follows. Starting with a hot big bang, radiation and matter 
are initially in equilibrium. As the expansion proceeds, the 

radiation energy density drops more rapidly (as R ) than does 

the matter energy density («/? ). On the other hand, the 

situation is reversed for the temperature, the matter tempera- 
ture dropping more rapidly (“i? ) than the radiation tempera¬ 

ture (a/?” 1 ), as the two components cease to be in equilibrium. 
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This is, however, only a rough picture since matter obeys the 
thermodynamic laws of radiation at high compression when it is 
relativistic. Furthermore the creation of heavier nucleons 
as expansion proceeds has to be taken into account (see Sec¬ 
tion 1.4). However, these simple ideas can also be extended 
to oscillating models of the universe, but they have to be 
corrected for the interaction between matter and radiation 
[3]. 

(iv) Matter and radiation in thermal equilibrium 

The simplest interaction between matter and radiation 

which one can suppose is that these two systems are in thermal 

equilibrium: T = T . If it is also assumed that the number 
m r 

of particles in the gas is time independent, then eqn (9.43) 

2 

yields, after multiplying by o /Inji, 

(tttV 8 )* 3 af + s ™ 2 + tr2 - °’ 


where 


4a? 3 

8 * 

3 n k 
m 


(9.49) 


is the photon entropy eqn (9.32) per particle of the gas in 
units of k. It follows that 


Two limiting cases 
(a) 0<8<1. 


d T = _ 1+8 dR 

iscv-nr^s R 

are of interest: 

In this case 




is independent of time as for 
the ideal classical gas. 


(b) s>l. 


In this case 


(9.50) 


(9.51) 


TR is independent of time as for radiation. (9.52) 
In the first case one would expect s to behave as 





144 


UNIVERSES WITH PRESSURE 


•r 

n_ 


? -9 (Y-I) 


= R 


12-9 


Y [ = *' 


for y 


-!] 


(9.53) 


Thus if s was small in the past, it will remain so. In the 
second case one would expect 


s 



(9.54) 


So if s was once large it will remain large, since it is 
roughly constant in time. This second case appears to be the 
one which is realized (see relation (9.60)). 


9.5. SOME NUMERICAL VALUES 

The number density of photons in black-body radiation at tem¬ 
perature T is given by eqn (9.33): 


8ti 

45 


£ (3) 

ti 4 /90 




60.42 x 


0.13806x10 


•22 


'2.998xl0 +8 x0.6625xl0‘ 33 


= 20.30[T(K)] 3 10 6 (m" 3 ) 


) r 3 

(9.55) 


One can re-express s of eqn (9.49) in terms of as 

« ■ jinx JT ■ ! ' 6017 5 1 • (9 - 56) 

v J m m 

If we take the present matter density as 

5 x 10" 28 kg m' 3 < p mQ < 2 x 10' 26 kg m' 3 (9.57) 

then for protons of rest mass 1.67 x 10 kg this implies a 
material number density 

0.3 m' 3 < « m0 < 11 m' 3 . (9.58) 

The main contribution to the present photon number density is 
the recently discovered background black-body radiation at 
temperature 2.7 K, which by eqn (9.55) yields 

n n ~ 4 x io 8 (m" 3 ). 
rO v J 


(9.59) 






UNIVERSES WITH PRESSURE 


145 


Hence eqn (9.56) yields 


1.3 x 10 8 < s Q < 53 x 10 8 


(9.60) 


which is a large number, so that eqns (9.50) and (9.54) hold. 
Therefore if s has remained broadly constant in time, a large 
value of s can be assumed in the treatment of the early uni¬ 
verse. The present number of photons per proton is, by eqns 
(9.58) and (9.59) , 


9.6. TIME DEPENDENCES IN EARLY UNIVERSES WITH MATTER AND 
RADIATION 

If the scale factor is small enough, as it has been for the 
early or young universe, p is large enough to enable one to 
simplify eqn (9.12) to 



(9.61) 


The high densities in the early universe led to a rapid estab¬ 
lishment of thermal equilibrium between matter and radiation, 
so that case (iv) of Section 9.4 is relevant. Also s >1 from 
Section 9.5, so the radiation regime of case (ii) is a good 
approximation by eqn (9.50). Accordingly, 


p ^ /?~ 4 >, i.e. p/p = - 4 R/R 


can be used in eqn (9.61), whence 



l. e. 


3 


(9.62) 


P 


2 * 


32 uGt 


This also implies a statement about the time dependence of the 
temperature since 
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2 

pe 


4 

OaT 


where the numerical factor d depends on the precise content 
of the universe. If black-body radiation dominates, d ~ 1. 
But if relativistic particles contribute sensibly, then d>l. 
It follows that 


■( 


3 o' 

32 ndaG) 


1/4 


1/2 


(9.63) 


The value of the coefficient is (with G/o 2 = 7.425 * 10~ 28 m 
kg" 1 ) 


,1/4 


I32ndx 7.564xl0" 16 x7.425xl0 


-28 


~ 1.52(d) 


-1/4 


10 


10 


so that the temperature in degrees Kelvin as a function of 
time in seconds is 


T 


1.52xlQ 10 


(9.64) 


Various corrections have to be applied to this result. How¬ 
ever, its wide rough applicability is due to a characteristic 
of quantum statistics. This is that systems of particles of 
non-zero rest mass share many of their thermodynamic proper¬ 
ties with black body radiation, provided only the temperature 
is high enough, so that the particles have an average energy 
which is far in excess of their rest energy. 

Fig. 9.1 gives an idea of the presumed thermal history of 

the universe. The curve for the radiation temperature roughly 

follows eqn (9.64). The densities of matter (baryons), and 

6 13 

of electrons are also shown. At 10 years or 3 x 10 s, 
matter and radiation ’decouple' and cool down separately 
according to regime (iii) , the matter temperature falling more 
rapidly than the radiation temperatures in accordance with 
eqns (9.46) and (9.47). 

1 2 

We shall now use the property p r = (eqns (9.16) 

and (9.30)) of black-body radiation for all the contents of 
the early universe. This is justified because a system of 
particles moving at relativistic speeds does in fact satisfy 
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FIG. 9.1 The presumed thermal history of the universe [5]. 

this relation. It is therefore applicable to the whole con¬ 
tents of the early universe to a good degree of approximation. 
Eqn (9.62) then yields 

2 

<3 

p 32 nGt? • 

For this simple case we have therefore obtained a rather com¬ 
plete solution of the cosmological problem by finding p, p,and 
R as functions of the time. Contrary to what one would expect, 
the universe has developed its non-equi1ibrium characteristics 
with lapse of time: has dropped below , and both p^ and 

P r decrease now more rapidly than either, as seen in eqn (9.48). 

Slightly more complicated models can be made which also 
allow complete solutions to be obtained by analytical methods 
[4]. 

9.7. SUMMARY OF THE DYNAMICAL EQUATIONS 

For uniform model universes two energy equations have been 
encountered. One of these arose from the Newtonian model, 
eqn (5.9), and was seen to hold also for relativistic univer¬ 
ses of non-zero pressure, eqn (9.12). This dealt with the 
total energy of gravitating matter enclosed within a surface 
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S* which was assumed frozen into the matter. The energy was 
gravitational and kinetic: 


» 2 - Sfo » 2 • §x » 2 


kc 


(9.65) 


The other equation dealt with the effect of pressure at the 
surface, eqn (9.3) or (9.6) or (9.7): 

1 + - 2 - + 4 ^ - = 0 - (9.66) 

e 2 p 3 p j? 

It is convenient to introduce again the following abbrevia¬ 
tions 


H m R/R - (Hubble’s ’constant*), q * -RR/R 2 = 

(the deceleration parameter) (9.67) 

2 

g s p/c p (a constant for the ideal quantum gas, 
but not otherwise, see Problem 9.4. It is a di¬ 
mensionless quantity). (9.68) 

2 

a s 4 tK?p/ 3# the dimensionless energy parameter, 

2 

pc being the energy density (9.69) 

2 2 2 2 

L = A./3 H , K a kc /R H , two more dimensionless 
quantities. (9.70) 

The energy eqn (9.12) is then 

X - L = 2a-l (energy equation) (9.71) 

Several of these results generalize those of Section 4.6. 

Differentiating eqn (9.65) with respect to time and 
eliminating by (9.65), one recovers the equation of motion 
(9.1) : 

4 ~ + ff(p +3j r) - A - 

c R 3c c 3 c 

2 2 

Multiplying by c /H , this can be written as 


(9.72) 
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q + L = (l+3g0o (equation of motion). (9.73) 

A number of other relations can be derived from these 
two. For example, subtracting R~ 2 times (9.65) from (9.72), 
one finds 



2 

After division by H this can be written as 

q + K = 3 (l+gOo - 1. (9.75) 

This result is also obtainable by adding eqns (9.71) and 
(9.73). 

An important equation, because it is one of the Einstein 
field equations for these models, is (9.14). This can be 
written as 


2q - K - 3L = 1 + 6 go. (9.76) 

This result is also obtainable by subtracting eqn (9.75) from 
three times (9.73). 

For zero-pressure models (g = 0) one recovers eqn (4.24) 
and (4.27) in the forms below: 

from eqn (9.71): K - L = 2o - 1 (energy equation) (9.77) 

from eqn (9.73): q + L = a (equation of motion) (9.78) 

from eqn (9.75): q + K =- 3a - 1 (an implication). (9.79) 

In the general theory of relativity it is shown that 
eqn (9.65) or (9.12) and (9.14) are the Einstein field equa¬ 
tions for these models, and the other equations obtained here 
occur as consequences. In this sense all equations obtained 
are relativistic equations. 
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PROBLEMS 


On Section 9 . 1 


(9.1) In some hybrid of the Newtonian theory and the amended 
Newtonian theory one might allow for non-zero pressure in 
the energy conservation eqn (9.3) (or (9.5), (9.6), or 
(9.7)), thus using the amended Newtonian theory. But one 
might put u = 0 in eqn (9.1), thus using the Newtonian 
theory. Show that in this case 

R 2 = | pR di? + + jfl 2 - pj? 2 } . (9.80) 

4- t O 


(9.2) Replace G by an effective gravitational ’constant’ 

defined by the requirement that Newtonian and relativis¬ 
tic theory shall yield identical results. Hence show 


that 



(pi? 2 ) - ( P /? 2 ) 

1 2 _ 

| pi? di? 


(9.3) Show from the result of Problem 9.2 that = G for 
zero-pressure models. 

2 

(9.4) An ideal quantum gas [6] is a fluid such that p = gc p 
where g is a constant. Show that if the cosmic fluid is 
such a fluid, then 

(i) p(t) [/?(£)] 3 + is independent of time, and hence 
(ii) is a constant whose value is 1 + 3p times the 

normal gravitational constant. Note that for g - 0 
one recovers a special case of the result of Prob¬ 
lem 9.3. 


On Section 9.3 

(9.5) (i) The Gibbs free energy of a system is G = G+pP 
Show by considering d G that = (yv) * 


TS. 
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J 


(ii) From the second law, using the result of (i), 
establish eqn (9.17). 


(9.6) Show that eqn (9.19) is the only solution of (9.18) 


(9.7) Show that for any simple fluid, eqns (9.24) and (9.25) 
can be generalized to C p - C y = [(ff) + p](ff) . 

[Hi-: (|f) - (|f) = (jf) f (|f) -/be established 

first.] p w T P 


(9.8) An ideal quantum gas which satisfies the additional 
relation TS = jU where j (^ 1) is a constant is called 
superideal . Show that the function /(a), z - TV g , has 

7 / f 7 - 11 

then the form of the simple power law /(z)a. 2 * / 

Apply this result to black-body radiation [7]. 


On Section 9.4 

(9.9) A classical ideal gas has a constant heat capacity 

ratio y and contains a conserved number N = n V of 

m m 

molecules of rest mass m Q . Show that if this system 
serves as the cosmological fluid then the mass density 
as a function of scale factor has the form 


P m = 


m o ( V 5 


c 

* 3Y 


where the constant C is given by 



Here V is the volume of the model universe and T is the 

m 

temperature. 


(9.10) Generalization of case (ii) eqn (9.45). An ideal 

quantum gas of particles whose rest mass is satisfies 

pv = gU = g(pV-Nm 0 )e 2 . 
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If the number of particles N = NV is constant, show that 
for a cosmological fluid consisting of such a system 

3 

mAnR ) 

P = + 

where C is a constant. Show also that the entropy of the 
system is conserved during the expansion or contraction 
of the model universe. 

On Section 9.6 

(9.11) Verify the table below for radiation temperature as a 
function of time 


«-radiation dominates-► 

Is 10 s 100 s 1000 s 1 week 

10 9 9 8 7 

Temperature (K) 1.52x10 3.16x10 1.52x10 3.16x10 1.29x10 

-^-► ■<—matter dominates—► 

30 days 1 year 10 years 10*0 years (Now) 

7.42 10 6 1.78 10 6 1780 17.8 

[Use eqn (9.63).] 

(9.12) Find the values of p^ 0 and P m0 , the equivalent matter 
densities due to radiation and nucleons at the present 
time and verify that 


°mc/ P r0 


10 ' 


[Assume the radiation is due to the background black-body 
radiation at 2.7 K.] 


On Section 9.6 

(9.13)(i) Show on the same basis that at present the ratio of 
the number of photons to the number of nucleons is 

g 

of order 10 . 

(ii) If the nucleons were at present all in the form of 
hydrogen atoms, show also that if they were to be 
all ionized at the expense of energy in the back¬ 
ground radiation, the temperature of that radiation 
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would drop only by a fraction which is less than 


10~ 5 of 


On Section 9.7 


(9.14) 

Prove 

that 

(9.15) 

Prove 

that 

(9.16) 

Prove 

that 


its present temperature of 2.7 K. 

qK - (l+<?)£ = (2q-3g-l)o. 

2 q * 3(1 +g)L - (l + 3flr) (#f+l) = 0. 

3 2 

a = C/2R H , where C is given by eqn (5.9). 
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OPTICAL EFFECTS OF THE EXPANSION ACCORDING 
TO VARIOUS THEORIES OF LIGHT 

10.1. THE PROBLEM OF THE ETHER 

The observations which have formed our present picture of the 
universe, and those which may lead in the future to a decision 
between cosmological models, almost all involve the reception 
of light or other electromagnetic radiations (the word ’light' 
will often be used where 'electromagnetic radiation' would be 
more accurate). In order to discuss the observational conse¬ 
quences of any cosmological model it is therefore necessary to 
supplement it with a model of light propagation. Classical 
physics offers two obvious models for this purpose; the par¬ 
ticle model, which was preferred by Newton, and the wave model. 
In the particle model light emission is pictured as somewhat 
analogous to the firing of cannon balls whose trajectories 
correspond to light rays. One knows that frequencies have to 
be associated with these particles of light, and classical 
physics provides no simple way of doing this. One has to go 
to the quantum theory in order to obtain the appropriate rela¬ 
tions . 

A more convenient model for the purposes of this chapter 
is therefore the classical wave theory of light, which can be 
summarized as follows: light consists of waves, which travel 
in interstellar space in straight lines with a constant speed 
c relative to the ether. We shall also need the result of 
quantum theory that a light wave, when it interacts with 
matter, can be considered as a series of particles or photons, 
and that the energy E of each photon is proportional to its 
frequency v: E - hv , where h is Planck's constant. For our 
purposes the ether is needed merely as a reference frame, and 
the question of its essential nature does not arise. However, 
the expansion of the universe poses some awkward questions in 
the wave theory; is the ether stationary, so that all galaxies 
(or all but one) are moving through it, or does it take part 
in the expansion? The first possibility would mean that most 
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of the galaxies in the universe are moving through the ether 
at speeds comparable to that of light. Since our own galaxy 
is certainly not moving at such a speed (or the wavelength of 
light would not serve as a precise standard of length) we 
would be in a highly privileged position, and cosmologists 
tend to distrust any such singling out of our own galaxy (see 
Section 2.2). The alternative, that the ether expands with 
the galaxies, poses other problems — does the ether become 
less dense with time, and does light (and all electromagnetic 
interaction) therefore become weaker? Fortunately these ques¬ 
tions were never to impede the progress of cosmology, since by 
the time the expansion was discovered, Einstein had already 
provided, in his special and general theories of relativity, 
wave models of light propagation which did not require an 
ether. 

The use of classical optics in Sections 10.2 to 10.5 is, 
therefore, an attempt to understand the basic optical pheno¬ 
mena in their simplest possible setting. To do this we shall 
assume that the ether does not take part in the expansion, and 
also that astronomical observations are made by an observer at 
rest in the ether. This violates the cosmological principle, 
but has the advantage that some important equations can then 
be easily derived in the precise form which they take in the 
relativistic models (Sections 10.6 and 10.7). The main 
results of all three models are collected in Tables 10.1 and 
10.2, for use in discussing cosmological observations in 
Chapter 11. They serve as a summary of this chapter, apart 
from the last section. 

Although the general relativistic model is generally 
believed to be the most accurate for observations of objects 
at cosmological distances, or with intense gravitational 
fields, the other models have their own spheres of usefulness. 
The classical model is valid for observations of nearby, slow- 
moving objects (velocity v <c and distance r<ct^) and offers 
extreme mathematical simplicity. It is used for the Andro¬ 
meda galaxy and other nearby galaxies. The special relativis¬ 
tic model is valid for observations of nearby fast-moving 
objects (i ) ~ c but r<ct H ) which may include some quasars [1], 
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TABLE 10.1 

Observational quantities as functions of red-shift z 
for the classical wave theory y special y and general relativity 


Factors by which the apparent brightness 
of a receding source is multiplied: 

Red-shift factor, f * (1+z) 2 (eqn 10.7) 

rs -2 

Aberration factor, f = (1+z) (eqn 10.15) 

^ 1 —s 

Frequency response factor f = (l+z) (eqn 10.13) 

for a radio source with 
spectral index s 


Ratio of apparent to real 
density of sources ^ r /^ r £ = 1+2 

(eqn 10.28) 

Bolometric luminosity 


distance of a source 2 


observed at distance r , d = (1+z) r 

(eqns 10.21 and 10.47) 


TABLE 10.2 

Equations relating the red-shift z of a source to its speed of 
recession v and to the time of emission t E of the light by which 
it is observed for various theories of light propagation 


Theory of light propagation 

1 Special General 

ca relativity relativity 


Frequency ratio v E /v Q = 1 + z 

1 + v/c 

Sl+v/cV* 

\l -v/c) 

*(V 


(eqn 10.5) 

(eqn 10.29) 

(eqn 10.43) 

Speed of recession = v 

cz 

cz (2+a) 

(1+a) 2 +l 

- 

Scale factor at time of 

emission = i?(t c ) 
t 

- 

- 

R(t Q )/(l+z) 


The last two lines of the table contain simple algebraic consequences of 
the first line. 
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and its use in that context is illustrated in Problem A.3. 


10.2. THE RED-SHIFT AND ALLIED EFFECTS 

The name 'red-shift 1 indicates that visible light emitted from 
a receding source with frequency appears to the observer to 
have a frequency v Q which is less than , so that the light 
appears to have been shifted towards the low-frequency or red 
end of the visible spectrum. The amount of the red-shift, a, 
is defined by 


z 



E 

1 + a 


( 10 . 1 ) 


As a rule suffices 0 and E will refer respectively to the time 

and place at which a photon is observed, and the time and 

place at which it is emitted. 

The calculation of the red-shift can be understood by 

reference to Fig. 10.1. Let two successive wavecrests of 

light leave the galaxy G, which is receding with speed v , at 

times £„ and + Aand let them arrive at the observer 0 
E E E 

at times t Q and t Q + A t Q . Thus the emitted frequency is 
1/Aand the observed frequency v Q is 1/Aso that from 
eqn (10.1) 


1 + z 



( 10 . 2 ) 


Now suppose that the distance OG is equal to r at time 

t n and to r + Ar at time t r + At_. Then the first wavecrest 
E EE 

travels the distance r in time (t Q -t E ) and the second travels 



FIG. 10.1 Space—time diagram for the calculation of the red-shift in 
O's reference frame. 
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the distance r + Ar in time + A t Q - (t £ +At E ). Since both 
wavecrests travel with speed c relative to 0 it follows that 


- t r 


= £* * 


0 ’ t E 


At, 


’ At E = 


A r 
c 


or, subtracting the first equation from the second and re¬ 
arranging , 


At 


0 



(10.3) 


Also, the galaxy moving with speed v must cover a distance 
A r - vA t £ . in time A t £ . Substituting this into (10.3) gives 

At 0 “ ^e! 1 + 1 } C 10 - 4 ) 

which with (10.2) gives the required expression for z : 

At 

1 + 2 - “ 1 + i- e - 2 = 5- C 10 - 5 ) 

For a source approaching with speed v one would have 
A r = and so z - -v/c. 

As well as its obvious effect of shifting spectral lines 
and so giving a measure of the speed of recession, the red- 
shift has effects on the apparent brightness of the source. 

In this context apparent brightness is defined as the amount 
of energy radiated from the source, falling on a unit area 
near 0 in unit time and within the operating frequency range 
of a particular instrument. The instrument may be a human 
eye, a radio telescope or a camera/telescope combination, 
sensitive in each case to a fairly narrow frequency range; 
alternatively it may accept radiated energy of all possible 
frequencies. One can now envisage three ways in which the 
motion of a receding source may alter its apparent brightness: 
(i) the fraction of emitted photons which will ultimately 
reach the unit area in question may be altered; 

(ii) considering only those photons which will reach the 

unit area, the number arriving per unit time, and the 
energy of each individual photon, may be altered; and 
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(iii) the frequency shift may cause the instrument to respond 
to a different range of emitted frequencies. 

Of these effects (i) is not directly linked to the red- 
shift, and is discussed in Section 10.3, but (ii) and (iii) 
depend directly on the red-shift. Suppose that n is the num¬ 
ber of photons emitted per unit time in such a direction as to 
reach a certain instrument, and E £ is the mean energy of these 
photons, both measured in the reference frame of the source G, 
and that n Q , E Q are the number arriving per unit time and the 
mean energy on arrival, both measured in the reference frame 
of the observer 0. Then the effect (ii) of the red-shift is 
to multiply the rate of energy reception, i.e. the apparent 
brightness, by a factor 


f 


r s 


Vo 

Ve 


( 10 . 6 ) 


compared to a stationary source. Now a figure exactly analo¬ 
gous to Fig. 10.1 could be drawn in which A£ £ , A t Q are the 
time intervals between emission or arrival of successive pho¬ 
tons, rather than wavecrests. One would then have 
« E * 1/Atg, n Q = l/At Q and so 


n 

n 


0 

E 



1 

1+2 


Also, the quantum-mechanical relationship E - hv is assumed to 
hold in both reference frames, so that 

fo ^0 V _0 _ 1 _ 

h fcv E v E l+« • 


Combining these results gives finally 


f 


r s 


(1+z) 2 


(10.7) 


as the main factor by which the red-shift multiplies the 
apparent brightness of a receding source. This factor is 
present for all types of instrument. 

When the instrument has a limited frequency range the 
apparent brightness is multiplied by a further factor, which 
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will be called f v , resulting from the effect (iii) of the red- 
shift. Suppose that the frequency spectrum of the source can 
be described by a function P(v £ ) in such a way that the rate 
of energy output of the source in an emitted frequency range 
(v x v 2 ) is 

f v 2 r v ? 

£OlV 2 ) = j P (v E ) dv £ = J *p(x) dx (10.8) 

V 1 V 1 

where the change from to the dummy variable x has been made 
for later convenience. Suppose also that the instrument in 
use registers all photons with observed frequencies between 
V 10 an< ^ v 20’ an< ^ n0 °^^ ers * Then the apparent brightness of 
the source, if it were stationary (in the ether), would be 
proportional to £O 10 ,v 20 ) as defined in eqn (10.8). However, 
the motion has the effect that photons with observed frequen¬ 
cies between and v 2 ^ are those with emitted frequencies 
between and v 2E , where 


V 1E ” ( 1+2 ) V 10’ V 2E (l + z) v 2Q 


(10.9) 


It follows that the apparent brightness of the source is in 
fact proportional to 


^ V 1E ,V 2e) 


„ j V 2E 


P(ar) dx 


( 10 . 10 ) 


IE 


and the appropriate correction factor / is therefore 


U s 


£( - V lE ,V 2E^ 

£ ^ V 10’ V 20-* 


( 10 . 11 ) 


The effect is illustrated for a hypothetical spectrum P(v g ) in 
Fig. 10.2. Evidently f v can be greater or smaller than 1 
depending on the shape of the spectrum, and will not in general 
be a simple function of 2 . 

For observations in the visible region of the spectrum the 
calculation of is further complicated by the fact that the 
instrument, which usually incorporates a photographic film, 
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P 


(v E )f /Area representing E (v^v^) 



FIG. 10.2 Effect of the red-shift in causing an instrument to register 
a different part of the spectrum of a source. The figure is drawn for 
a = 2 in (10.9). 


does not respond equally to all frequencies within its range. 
In the radio region things are sometimes simpler, because it 
often happens that 

(a) the response of the instrument is uniform over the fre¬ 
quency range (v 1 ,v 2 ) 

(b) the spectrum of the source can be represented over the 
range of interest by a power law 


P(v„) = KvZ s 
c E 


( 10 . 12 ) 


where K and s are independent of and s is known as the 
spectral index of the source. Because of (a) the correction 
factor is given accurately by eqn (10.11). Substituting 
eqn (10.12) into eqns (10.8) and (10.10), one finds 


. K f 1-s 1-si 

= I ^\ V 2 " V 1 ]' 


(s f 1) 


^ ^ / 1-s , 1-el 

F ( V 1E ,V 2E^ " l-s| V 2E IE J # 


Substituting for v JE and v 2E from eqn (10.9) and using the 
result in eqn (10.11) gives finally 


f - ( 1 + 2 ) 1-8 (radio source with spectral index s ) (10.13) 

Taking the value s = 0.7 as typical, we find = (l+a) 0 * 3 , a 
rather small correction compared to / . Eqn (10.13) is also 
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valid for s = 1, although a separate discussion is needed to 
establish this (see Problem 10.1)). 

The calculation of the factors / rs and given here 
merely assumes (a) the existence of the red-shift factor 
(l+s) , and (b) that the same factor reduces the arrival rate 
of photons relative to their emission rate. No particular 
theory of light propagation is involved. Therefore, / rg and 
are the same functions of z in the relativistic theories as 
in the classical theory considered so far. However, the rela¬ 
tion between z and the speed of recession v is quite different 
in those theories, as explained in Sections 10.6 and 10.7. 

10.3. THE ABERRATION OF LIGHT 

The name aberration is given to any change in the apparent 
direction of a light ray consequent on the motion of the 
source or observer. In the present context we consider that 
the source G is moving, as illustrated in Fig. 10.3. 


v 



FIG. 10.3 Velocity addition diagram for the aberration of light, relating 
the velocity c of a light ray relative to 0 to its velocity Cp relative to 
G. 

Here G emits a light ray which an observer moving with G 
considers to move with velocity c £ at an angle dp to the line 
GO. For 0 the velocity of the light ray is c, composed of the 
light ray's velocity c £ relative to G and G's own velocity v 
relative to 0: c = c E + v. The geometry of the two right- 
angled triangles in the figure shows that 

<? E sin dp = c sin d 
e E C0S S E = 


Q COS d + V 
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or dividing 


tan d E = 


s in 0 

cos 0 + v/c 


(10.14) 


The effect of aberration on the amount of light received 

from a source at distance r can be seen by reference to Fig. 

10.4. This shows (solid lines) the paths of a set of light 

rays which all make the same angle d with the line GO in O's 

reference frame, and (dotted lines) the paths which the same 

rays would take if the source were at rest. In O’s reference 

2 

frame the rays define a circle of radius rd and area Tt(rd) 

centred on 0. If the source were at rest the same rays would 

2 

define a smaller circle of area n(rd ) . Thus the light which 

2 

would have covered an area n(rd„) if the source were at rest 

k 2 

is spread out by aberration to cover a larger area n(rd) , 
leading to a correction factor by which the energy received 
per unit area per unit time must be multiplied to allow for 
aberration: 


4 


CVQ) 2 . 



FIG. 10.4 The spreading out of light rays by aberration. 

->- direction of light rays relative to 0;->--direction 

of light rays relative to G. 


Using eqns (10.14) and (10.5) with the approximations (valid 
for small angles) tan , sin O = d, cos d = 1 gives 


f 


a 


1 = 1 
(1 *v/o) 2 ( 1 + 3) 2 


(10.15) 


Thus aberration reduces the energy received from a receding 


source. 












164 


OPTICAL EFFECTS OF THE EXPANSION 


10.4. THE APPARENT BRIGHTNESS OF A SOURCE 

Consider a source of electromagnetic radiation which is ob¬ 
served at a distance r, and define the following four quanti¬ 
ties : 

L is the total energy output of the source per unit time, 
measured in the reference frame of the source, 

A s L/ 4n is the corresponding energy output per unit 
solid angle, 

S is the rate at which energy from the source falls on 
unit area at the observer 0 in unit time, 
d L is defined by 


d L * ( A/S) h . (10.16) 

The last three of these quantities have individual names: 
A is the (bolometric) intrinsic brightness of the source, 
S is the (bolometric) apparent brightness of the source, 
d L is the (bolometric) luminosity distance of the source. 
The term 'bolometric', which will often be omitted for con¬ 
venience, means that one is considering the entire spectrum of 
radiation from a particular source. Corresponding (non- 
bolometric) quantities which relate only to a restricted fre¬ 
quency range are given the suffix v. Thus, for instance, the 
symbol S will always denote the rate at which energy from 
the source falls on unit area in unit time within the fre¬ 
quency range of a particular instrument. S^ may be an optical, 
photographic, or radio apparent brightness depending on the 
instrument considered. The corresponding luminosity distance 
is defined by 


S dO.17) 

The reason for the name 'luminosity distance' can be seen 
as follows. If the source were stationary, its light output 
L would be spread uniformly over a sphere of area 4 nr 2 when it 
reached 0, and therefore 


L _ A 
a 2 2 • 

4tu* r 


S (stationary source) = 


(10.18) 
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The same conclusion holds for a restricted frequency range, 
since there is no red-shift, and so 

A 

S (stationary source) = —^ . (10.19) 

r 

It follows that, for a stationery source , 



so that an observer who believes the source to be stationary 
will infer that its distance is ( A/S )^ s d T or (A /S ) s d T , 

L V V Lt v 

depending on the type of observation made. 

If the source is not stationary, its bolometric apparent 
brightness must be multiplied by the factors / rs and / a of 
eqns (10.7) and (10.15) so that eqn (10.18) is replaced by 


c - -r f A __ A _ 

Jrs/a r 2 (1+«)V 


( 10 . 20 ) 


and the luminosity distance (10.16) becomes 


d L = if rs f J hr = t 1+z ) 2r - 


( 10 . 21 ) 


A non-bolometric apparent brightness will also be multi¬ 


plied by the factor f^ of eqn (10.11), so that in general 


s = f f f 

v ^r.Vv p 2 (1+z) 4 r 2 


( 10 . 22 ) 


and 


= (1 ^)"(/ v )-^. 


(10.23) 


This result simplifies somewhat for a radio apparent bright¬ 
ness, when may be of the form (10.13). One then has 


S 

v 


d 


Lv 


^ 3 + s 2 
( 1 + 2 ) r 


( 1 * 3 ) 


(3 + s )/2 


(radio source 
with spectral 
index s) 


r . 


(10.24) 
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An alternative way of describing apparent brightness uses 
the concept of magnitude . A source of apparent brightness 
S (or S^) is said to have an apparent magnitude m (or m ), 
where 


m = -2.5 log 10 (S) + constant, 

(10.25) 

m v = " 2 - 5 log io (V * constant. 

The number 2.5 arises from the convention that a change of 5 in 
apparent magnitude corresponds to a change by a factor of 100 
in apparent brightness. 

An absolute magnitude M (or A/^) is also defined as the 
apparent magnitude which would be observed if the source were 
stationary at a standard distance D , usually taken to be 10 
parsecs. Considering only bolometric quantities and combin¬ 
ing eqns (10.18) and (10.25), 

M = -2.5 log 10 (A/£ 2 ) + constant, 

and subtracting this from eqn (10.25) gives 

m - M * 2.5 log 1Q ( A/SD 2 ) 

= 2.5 log 1Q ( d\/D 2 ) 

* 5 log 10 C d L /D) (10.26) 

where eqn (10.16) has been used. The relation between appa¬ 
rent magnitude and luminosity distance is therefore simple; 
however, the luminosity distance is more suited to the purposes 
of this book. 

10.5. THE DENSITY TRANSFORMATION 

This effect, which appears to have been discussed only re¬ 
cently [2] arises from the time taken for light to travel. If 
a photograph taken by 0 shows two galaxies G, to be at 
distances r , r + Ar respectively, then, allowing for the time 
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light takes to travel, 0 will correctly infer that he is see¬ 
ing G as it was at time t = - r/c , and G J as it was at time 

- li—The situation is illustrated in Fig. 10.5 
for the case where 0, G, G 1 are in a straight line. 


t 



FIG. 10.5 Space—time diagram for the calculation of the density trans¬ 
formation in 0’s reference frame. 

In this case Ar is the distance between G and Gj as ob¬ 
served by 0. But A r is not a true distance, because it results 
from comparing the position of G at time t with the position 
of Gj at the different time t^. The true distance results 
from comparing positions at the same time t, and this distance 
is marked Ar E - 

Evidently the difference between Aand Ar is just the 
distance moved by G ^ in the time Hence, if G^s speed 

of recession is then 

Ar £ = Ar + ( t-t^) - Ar + v^kr/c = Ar (l+i> ^/<?) . 

Therefore if G 1 is at nearly the same distance as G and there¬ 
fore, by the Hubble law, has nearly the same speed of reces¬ 
sion v , 

A r 

Z7 1 = 1 + ? = 1 + CIO.27) 

Now suppose that a certain set of galaxies is photo¬ 
graphed by 0 at time t^, and that the photographed positions 
of these galaxies approximately fill a rectangular volume of 
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dimensions A r, A y, A z (G and G 1 are at two corners of the 
volume). The true positions of the galaxies at time t will 
fill a volume of dimensions Ar E , Ay, A z (distances at right- 
angles to the velocity of galaxies are unchanged by the effect 
—under discussion). If n is the number of galaxies in the set, 
the density of galaxies observed by 0 is 


A r Ay Az 

and the true density at time t is 


/y = --- 

E Ar c Ay Az 
t 

so that, using eqns (10.5) and (10.27), 


A r 


E 

Ar 


= 1 


(10.28) 


The foreshortening of distance for the observer, described by 
eqn (10.27), leads to an apparent density in excess of the 
true density measured at the emitter. Note that, although 
Ar and N are observed quantities, the suffice 0 has been sup¬ 
pressed for simplicity, and to avoid confusion with the pre¬ 
sent density W , first introduced in Section 2.4. 

O’ 


10.6. CONSEQUENCES OF A SPECIAL RELATIVISTIC THEORY OF LIGHT 
PROPAGATION 

It was mentioned at the start of this chapter that special 
relativity (which we frequently abbreviate as SR) provides a 
model of light propagation which avoids the problems of an 
ether. It does so by postulating that the speed of light is 
q relative to all observers. This entails a complete revision 
of classical ideas of space and time, which has the effect 
that many quantities hitherto thought to be absolute in nature, 
such as the length of an object and the time interval between 
two events, are seen to depend on the state of motion of the 
observer who measures them. The consequences of this theory 
for the optical effects already described are discussed in 
Appendix A, and can be summarized as follows: 
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(i) The relation between red-shift z and speed of recession 
v is 


1 + a = ( SR >- do.29) 

(ii) The factors f , f , f , and N/N are the same func- 
r s 3. v r r t 

tions of z as in the classical wave theory (see Table 10.1), 
and the eqns (10.21), (10.24) for luminosity distance are 
also the same. 

An important difference between these theories of light 
propagation is apparent from the behaviour of these expres¬ 
sions as the speed v of a receding galaxy approaches the speed 
of light c (Fig. 10.6). In the classical wave theory z, f rs , 
f a approach the finite values 1, 0.25, 0.25 and no difficulty 
arises as one considers greater values of v . According to 
special relativity, on the other hand, z becomes infinite and 
f rs and f a approach zero, implying that a galaxy with v = c 
would have zero apparent brightness and so be unobservable. 
Speeds greater than c are also ruled out as they lead to 
imaginary values of z. Thus special relativity implies that 
only sources with v <c are observable. 



FIG. 10.6. Red-shift ( 2 ) and aberration factors f = f as a function of 

J rs J a 

speed v for classical (solid line) and special relativistic (dashed) 
theories of light propagation. 
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In almost all cosmological models the restriction v < c 
implies an upper limit on the distance at which sources can 
be observed. The observer 0 is effectively at the centre of a 
spherical surface of radius r^, known as a horizon , and can 
observe only sources inside the horizon. For the simple cos¬ 
mological models of Sections (2.4) to (2.6) the horizon dis¬ 
tance is found simply by substituting v = c in eqns (2.8), 
(2.15) and (2.24) with the results: 


r 


h 


(steady state) 

H 

0.5 ot u (Milne) (SR) 

H 

0.4 ot u (Einstein-de Sitter) 

H 


(10.30) 


where is the Hubble time. In these models, and in most 
others, the horizon distance is of the same order as the dis¬ 
tance ct„, that is to say of the order 10 10 light years at the 
present time. 

The existence of a horizon or 'edge 1 to the observable 
universe may suggest the possibility of observing and enumerat¬ 
ing all the galaxies within the horizon. There are a number 
of reasons why the possibility should not be taken too 
seriously. Firstly, galaxies near the horizon will be much 
fainter, because of the factors / and / , than their distance 
alone would suggest. Secondly, the number of galaxies to be 
observed within the horizon is the integral 

N. . . = [ h 4 nr 2 N dr 

total J 

0 (10.31) 

= | ^ 4Tir 2 (l + 3)tf E dr 
0 

where the factor tf/tf =1+3 has been introduced from eqn 

(10.28). Since z ■* °° as r -+ r h> and since in most cosmologies 

N- increases with r, the integral may well diverge at r = r, , 
b n 

leading to an infinite total number of galaxies within the 
horizon (see Problem 10.2). 
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A further complication arises if we consider also the 
fact that time intervals in special relativity are different 
for different observers. For instance, the number density 
N E was calculated for the Milne model (see eqn (2.17)) on the 
basis that a galaxy at distance r is observed by light which 
left it a time (t Q - v/q ) after the ’big bang’. However, this 
time interval (t^ - v/c ) is calculated in 0's reference frame, 
whereas what is needed is clearly the time interval in the 
galaxy’s own reference frame. The result of making allowances 
for this is, as shown in Appendix A, that eqn (2.17) is 
replaced by 



(Milne, SR). 


(10.32) 


The same complication arises for the Einstein—de Sitter model, 
but the required correction is then much more complicated 
because the relative velocities of galaxies vary with time, 
and this correction will not be discussed here. The steady- 
state model is unaffected since N^ is not a function of time 
in that model. 

10.7. CONSEQUENCES OF A GENERAL RELATIVISTIC THEORY OF LIGHT 
PROPAGATION 

The classical and special relativistic models of light propa¬ 
gation already discussed have one property in common; the 
motion of a photon once emitted is not affected by the motion 
of the galaxies or by the changing scale factor of the uni¬ 
verse. In general relativity (hereafter often abbreviated to 
GR) the situation is different; the gravitational field of any 
massive body or of the universe as a whole is described as a 
curvature of space-time which affects the motion of photons as 
well as of material particles. 

The difference can best be described in terms of the 
dimensionless distance coordinates a. introduced in eqn 
(4.12b). We can describe the position of any particle (includ¬ 
ing a photon) relative to the Earth at time t either by con¬ 
ventional spherical polar coordinates (r, d, cp) or by 
dimensionless coordinates (a, 5, cp) . Here d, cp are angles 
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which define the direction in space of the particle’s position, 
r is the particle's distance and s is defined by 

r = i?(t)s. (10.33) 

Notice that (s, d, cp) are comoving coordinates; they are con¬ 
stant in time for any particle which moves with the general 
expansion of the universe. 

Consider now the motion of a photon coming directly to¬ 
wards Earth. For such a photon d and cp are constant, and r 
and s are decreasing. There are two obvious possibilities: 

(i) the photon's speed relative to us is c?, and therefore 

dr/dt = - c (equation of motion of a photon, 

classical and SR optics); (10.34) 


(ii) the photon's speed is c relative to a local observer 

moving with the expansion of the universe. In this case 
the comoving coordinates must be used, giving 


R{t) ds/dt = - c (equation of motion of a photon, 
GR optics, flat space). 


(10.35) 


Differentiating eqn (10.33) and using eqn (10.35), one finds 


dr 

Zi " 


c 


8 dt~ s - c + (equation of motion 

of a photon, GR optics, 
flat space) (10.36) 


which makes explicit the difference between the results of (i) 
and (ii). 

General relativity involves a further correction result¬ 
ing from the curvature of space. In a uniform continuum 
model this correction results in replacing eqn (10.35) by [3] 


R (t) ds/dt 
/(I -ks 2 ) 


c (equation of motion of a photon, 
GR optics) 


(10.37) 
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where k is the curvature index which takes the value 0 for 
flat space and ± 1 for curved space. It replaces in general 
relativity the quantity k introduced in eqn (4.14), which 
determines the sign of the total energy of a Newtonian system. 

The coordinate s has been scaled in such a way that in¬ 
stead of a parameter describing the amount of curvature of 
space one has a number k describing only the sign of the curva¬ 
ture. In fact the introduction to cosmology given in this 
book is made possible by the complete identity of two cosmo¬ 
logical differential equations: that of general relativity 
with its k y and that of Newtonian cosmology with its k. 

The reader may by now be uneasy on at least two counts. 
First, eqn (10.36) seems to ascribe to a photon a speed dif¬ 
ferent from c 9 and second, the whole of this section assumes 
the existence of a ’universal time scale' in that the single 
time coordinate t is used. On both counts it seems that 
special relativity is violated. In fact this is not so; 
special relativity says that the speed of light as measured by 
any observer is c , and the quantity (dr/dt) of eqn (10.36) is 
not directly measurable. As regards the time scale, it is 
true that differently moving observers will in general measure 
time differently, but it can be shown [4] that a set of co¬ 
moving observers in a Hubble law universe can agree on a com¬ 
mon time scale. In all discussions of general relativistic 
optics from now on, the symbol t will denote this common time. 

It is now possible to derive the red-shift and associated 
quantities in GR. Re-write eqn (10.37) as 


ds 

/(I-fee 2 ) 


e d t 
flltj 


(equation of motion of a photon, 

GR) (10.38) 


and assume that this photon was emitted at time from a 
galaxy at coordinate , and that the photon has coordinate 
8^ at some later time t . Then integrating eqn (10.38) gives 

f^P da _ _ f^p c dt 

' /(l-fcs 2 ) I 

S E f E 
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or 


Q 



d t 

HIT) 


" ft* E> 


/Up) 


where 



ds ' 

/(l-fe(e'f) 


sin* 1 s if fc * 
s if k - 0 

sinh" 1 s i£ k = -1. 


(10.39) 


(10.40) 


In particular, if the 
at time t Q then 


photon is observed (i.e., 

c J SIFT = f( - 8 E^- 


reaches s = 0) 


(10.41) 


Now s E , being the comoving coordinate of a galaxy, is 
constant in time. Hence if a second photon (or wavecrest) is 
emitted at time + Aand observed at time t Q + At Q , ec l n 
(10.41) is replaced by 


f(S E ) 


a 


V At o 


t r , + At „ 
E E 


dt 

SItT 



cAt^ cAtg 

+ ^T-^T 

(10.42) 


where it has been assumed that /?(t) does not vary signifi¬ 
cantly during the time intervals At Q , At £ . 

Comparing eqn (10.42) with eqn (10.41) gives the very 
simple result 


At o 


At E 


and as in Section (10.2) we infer that the red-shift z satis¬ 
fies 


1 + 2 


At 0 *<V 

A4 e " ' 


(10.43) 


This result has a particularly pleasing interpretation in 
terms of wavelengths. If and \ Q are emitted and observed 
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wavelengths of a photon, then 



(10.44) 


so that the wavelength has been ’stretched’ in the course of 
the photon's journey by the same relative amount as the scale 
factor of the universe has increased. 

It has already been noted (p. 162) that eqns (10.7) and 
(10.13) for the factors and remain valid in GR optics. 

This is also true for the aberration factor f , as is best 
shown by calculating the apparent brightness of a source dir¬ 
ectly, as follows. 

Consider a source with total energy output L and intrin¬ 
sic brightness A in the notation of Section 10.4, and suppose 
a system of comoving coordinates (s, d, cp) has the source at 
its centre. By the cosmological principle the laws of optics 
must be the same in this coordinate system as in that based 
on 0, so that photons must travel outwards from the source in 
straight lines. The distance these photons travel before 
reaching 0 at time t Q is (by eqn (10.33)) /?(t Q )s, so that the 

photons which strike unit area at 0 form a fraction 
2 

1/4ti{/? (£ n ) s} of all those emitted. Combining this with the 
u - 2 

red-shift factor / = (1+s) of eqn (10.7) gives the bolo- 

metric apparent brightness as 


A 


4n{i? (t Q ) s } 2 (1 + s) 2 /? 2 (£q) s 2 


(1 + 3 ) 2 R 2 (,t Q )s 2 


and the bolometric luminosity distance therefore as 



(10.45) 


This result looks different from that of eqn (10.21). 
However, the distance at which 0 observes this source is its 
distance at the time determined by eqn (10.41). If we call 
this distance r, then by eqn (10.33) r = /?(t E )s, so that eqn 

(10.45) can be written 



r . 


(10.46) 
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Finally, the expression (10.43) for the red-shift gives 

d L = (l+3) 2 r (10.47) 

so that the form of the classical expression for luminosity 
distance is retained in general relativity. It follows by 
eqn (10.21) that the aberration factor / must also retain its 
classical form (eqn (10.15)). 

10.8. THE CASE OF SMALL RED-SHIFTS FOR THE THREE THEORIES OF 
LIGHT PROPAGATION 

In this section we show that despite the very different 
appearances of the three expressions for z in Table 10.2, they 
all reduce for close and slowly receding sources to 

z ~ v/e (v/c< 1 or sufficiently small). (10.48) 

In the classical wave theory, eqn (10.48) is exact. In 
special relativity one can see from the second row of Table 
10.2 that 

— = - 2 -~ 1 for z < 1 and therefore for v/c < 1. 

cz 2 + 2z + z 2 

In the general relativistic case notice first that eqn 
(10.43) implies 


*(t 0 ) = tf(t E )(l+*). (10.49) 

Now expand /?(t Q ) as a Taylor series in C^q"^ e )> retaining only 
the first two terms: 

fl( V “ + 

f E 

= fl(* E ){l+ff(t E )(* 0 -* E ))- (10.50) 

Notice also that if is small » ec l n (10*41) implies that 

6 g is small and that 
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s E « /U E ) » o(t Q -t E )/R(t E ) . (10.51) 

Comparing eqn (10.49) with eqn (10.50) and using eqn (10.51) 
gives finally 


2 « ^(t E )(t Q -t E ) « H(t E )R(t E )s E /c 
= H(t E )r E /c = v/o 9 

where r* E = /?(t E )s E is the distance at which the source is 
observed. 

10.9. THE DEFINITION AND MEASUREMENT OF DISTANCE 
As general relativity involves the idea of curved space it is 
natural to ask whether the common-sense idea of distance is 
adequate in a cosmological context. The purpose of this sec¬ 
tion is to discuss possible ways of measuring and defining 
distance. The types of measurement to be considered all in¬ 
volve light signals (or signals using other parts of the 
electromagnetic spectrum) and can be classified as follows: 

(i) Indirect methods, including measurement of apparent 
brightness and measurement of apparent angular diameter. 

(ii) Direct methods, including parallax measurements and 
radar measurements. 

(iii) Simultaneous measurements by widely spaced observers. 

The indirect methods are those which require knowledge of 

some property of the object whose distance is to be measured. 
For instance, if one measures the apparent brightness S and 
the red-shift z of a distant galaxy, and if one knows its 
intrinsic brightness A , its distance r can be inferred from 
eqn (10.20). This is valid for all theories of light propa¬ 
gation if in the general relativistic case r is the distance 
defined by eqn (10.33) at the time of emission t £ : 

v a R (£g) 8 . (10.52) 

The apparent angular diameter of a source is defined as 
the greatest angle 6 subtended at the observer by any pair of 
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light rays from the source (see Fig. 10.7). The figure is 
valid in curved space since the light rays involved travel 
radially, and therefore in straight lines, in the observer’s 
coordinate system. If the true diameter D of the source is 
known, one can infer r from the geometry of the figure, which 
gives D = 2r tan (6/2), or in the limit of small 6, D - r6. 
This is also valid in general relativity [5] if r is defined 
by eqn (10.52). 



FIG. 10.7 Apparent diameter of a source. 

The direct methods of measuring distance can be used with 
no knowledge of the object’s properties. The parallax method 
involves measuring the change in direction of the line of 
sight to the distant object as the Earth moves from one side 
of its orbit to the other. In practice, this direction also 
changes because of aberration of light resulting from the 
Earth’s changing velocity, but the amount of aberration is 
known and can be corrected for. Fig. 10.8(a) illustrates the 
light paths for classical or special relativistic optics (i.e. 
in Euclidean space) and Fig. 10.8(b) does the same for general 
relativity. The angle 0 is called the parallax of the source. 
It is evident from Fig. 10.8(a) that if denotes the diame¬ 
ter of the Earth’s orbit, then in Euclidean space r E = r tand, 
or since O is always very small, r = . It is conventional 

to define a parallax distance d accordingly, so that in all 


cases 


d = r /d; d = r in Euclidean space. 

p t p 


(10.53) 


The general relativistic calculation of d is given in Wein¬ 
berg [6], and in our notation results in 
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Source 


FIG. 10.8(a) Parallax of a source in classical and special relativistic 
optics. 



Source 


FIG. 10.8(b) Parallax of a source in general relativistic optics. 


d 


P 


8(t 0 )a 

/(l-fcs 2 l 


(l + z)r 

/(l-ks 2 ) 


(G.R.) 


(10.54) 


where eqns (10.43) and (10.52) have been used. 

The radar measurement of distance uses the following 
procedure: a short pulse of electromagnetic waves is emitted 
by the observer 0 at time t ^. The pulse is reflected from 
a distant object G and some of it returns to 0 at time t^. It 
is then inferred that the pulse was reflected at a time 

t 0 + t l 

t r - — - 2 ~ 1 (10.55) 

and that the distance of G from 0 at that time was the radar 
distance 


(10 - 56 ) 

The reasoning behind this procedure is apparent from 
Fig. 10.9(a) which shows the motion of the pulse relative to 
0 according to classical or special relativistic optics, for 
which the equation of motion of the pulse is dr/dt = ±c . 
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FIG. 10.9(a) Motion of a radar pulse in classical and special relativis¬ 
tic optics. 

Notice that the motion of G (here shown moving away from 0) is 

irrelevant, and that the radar distance d is in this case the 

r 

same as the actual distance r n at the time t . 

G r 

In general relativity with flat space the equation of 

motion is, by an obvious extension of eqn (10.36), dr/dt = 

± c + Hr, As a result Fig. 10.9(a) must be replaced by Fig. 

10.9(b). This figure is drawn for the steady-state model, in 

which H is constant, but the curvature of the radar pulse 

paths will be similar in all expanding-universe models. Note 

that t denotes the actual time of reflection of the radar 
rp 

pulse, which is not the same as t . The equations of motion 
can easily be integrated for the case of constant H (see Prob¬ 
lem 10.1) with the result that the radar distance is 


(b) / 



FIG. 10.9(b) Motion of a radar pulse in general relativistic optics for a 
steady-state universe. 
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ot „ ,\ + r c /ot •, 

d r (steady state) = — lo ;?e (10.57) 

G H 

Writing r for r^ for brevity, and expanding eqn (10.57) 
as a Taylor series in r/ct^, one finds 

d t (steady state) - *K^) * •"} 

’ -l 1 *^) 2 *^) 4 * '••} tl0 - 58) 


so that radar distances approximate 'true' distances closely 
at short range (r<ot^). 

It is apparent from eqns (10.54) and (10.58) that both 
the 'direct* methods of distance measurement produce results 
which differ from the distance r defined by eqn (10.48), but 
also that these three quantities are nearly equal at short 
distances. This suggests that one might approach the defini¬ 
tion of distance by dividing a distance such as OG into a 
large number n of equal sections, each section being so short 
that the different measures of distance would be approximately 
equal. The limit n ■+ °° would then give a unique measure of 
distance. For instance, if n observers 0, 0 2 , ..., 0^, 
equally spaced along the line OG, each make radar measurements 
so synchronized that the pulse reflection time t is the same 
for each, then each individual radar distance would in the 
steady-state theory be like eqn (10.58) with r replaced by 
r/n. Adding these n distances together would then give 


(steady state, n observers) 


•GOMf 


\net. 


-) 


not 


-y 


\ ...) 


(10.59) 


Taking the limit of n -*■ » gives a measure known as the proper 
distance , 


d (steady state) = r . 

prop K 7 


(10.60) 






182 


OPTICAL EFFECTS OF THE EXPANSION 


This simple result is a consequence of the fact that the 
steady-state model has flat space, k = 0. The corresponding 
result for general k is [7] 


d (at time t c ) 

prop v E 


R 



_ d s ' _ 

/(l-fe(s') 2 ) 


(10.61) 


where /(s) is the function first introduced in eqn (10.40). 

It follows that the proper distance of a source at the time of 
emission equals the distance r of eqn (10.48) if, and only 
if yk = 0. 

Obviously the set of cooperating observers envisaged in 

eqn (10.59) does not exist on a cosmological scale, so that 

d is not a directly measurable quantity. The radar and 

prop 7 -is 

parallax methods are also limited in range — the radar method 
to within the solar system and the parallax method at present 
to a few tens of light years - so that the only practical 
measures of cosmological distances at present are those based 
on inferences from apparent brightness and apparent diameter. 
Both are subject to a basic uncertainty in that the inference 
depends in each case on knowing the intrinsic brightness or 
diameter. Also the intrinsic brightness may change with time, 
as discussed in more detail in Section 11.5, while the mea¬ 
surement of apparent diameter is complicated by the fact that 
galaxies do not have sharp edges. A comparison of the two 
measures can help to reduce the uncertainties; however in 
principle the two need not be considered separately since they 
are simply related in all models: 


2 2 

d L '.d (apparent diameter) = (l+z) r:r = (l+a) :1. 


The next chapter therefore concentrates on the notion of ap¬ 
parent brightness. Apparent diameters are discussed in Sec¬ 
tion 11.6. 

Of the distances r , d , d , d. , and d introduced in 

p r L prop 

this chapter, by eqns (10.33) and (10.61) both r and d rQ 
satisfy the Hubble law in the form 


= Hr with H s R/R . 
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PROBLEMS 

(10.1) Show that if a radio source has a spectrum of the type 
(10.12) with 8*1, then £'(v 1 ,v 2 ) as defined in (10.8) 
depends only on the ratio v 2 /Vj. Verify that this 
implies f v ~ 1, in agreement with (10.13) for 8=1. 

(10.2) Using eqns (10.29) to (10.32), (B.23), and (2.8) to 
(2.9), show that for a special relativistic model of 
light propagation the number of galaxies within the 
horizon is 

(a) infinite for the Milne model 

(b) finite, and less than 8/2 ti N n (et^) 3 , for the 
steady-state model. 

(Note: the change of variable u = 0.5 - is helpful 

in (a), and similarly w * 1 - r/ct^ is helpful in (b).) 

(10.3) By integrating the equations of motion illustrated in 
Fig. 10.9(b), and using the definition (10.56), verify 
the expression (10.57) for a radar distance in the 
steady-state theory. 
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OPTICAL OBSERVATIONS AND COSMOLOGICAL MODELS 

11.1. OBSERVED QUANTITIES 

The models of the universe which have been discussed so far 
can be summarized as follows. Sources of electromagnetic 
radiation are distributed more or less uniformly through 
space and are moving according to Hubble T s law. The scale 
factor /?(£) obeys a differential equation with three para¬ 
meters C , X, k . For a large number of the sources one can 
measure the apparent brightness S (or S^) and the red-shift z 
Within this framework there are several possibilities for 
relating observed quantities to cosmological parameters. One 
can observe, to quote only the more important items: 

(i) the apparent brightness of sources as a function of 
their red-shifts; 

(iia) the number of sources having apparent brightnesses with 
in a given range, or 

(iib) the number of sources having red-shifts within a given 
range; 

(iii) the background brightness of the night sky. 

In each of these cases one can, with some additional as¬ 
sumptions, predict the observed quantities theoretically for 
a particular set of values of (C, A, k ). The process of pre¬ 
diction is illustrated in this chapter for the simpler cosmo¬ 
logical models. The brightness-red-shift relation (i) is dis 
cussed in Section 11.2, the source counts (iia) in Section 
11.3, and the background brightness (iii) in Section 11.4. 

This account suggests that the basic questions of cos¬ 
mology are near solution — one has only to compare accurate 
observational data with the predictions and the values of C , 
X, k can be found. That this has not been done is a result 
partly of observational limitations - for instance the correc 
tion factor / of Section 10.2 is particularly difficult to 
estimate for photographic observations of galaxies at large 
red-shift, and it is just these observations which are needed 
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to distinguish between cosmological models, as noted in Sec¬ 
tion 11.2. A more fundamental problem is the uncertainty in 
the intrinsic brightness of sources. This uncertainty has 
two components. 

First, different types of galaxy have different intrin¬ 
sic brightness at the present time, and presumably at other 
times, so that a plot of observed apparent brightness against 
red-shift will show considerable scatter. The scatter can be 
reduced by looking at clusters of galaxies and recording only 
the brightest galaxy of each cluster, since such brightest 
members are found empirically to have more nearly equal in¬ 
trinsic brightnesses than the general population. In recent 
times there has been a tendency to use the fifth brightest 
member of a cluster instead, and also to use criteria based 
on the type of galaxy. 

Secondly, the intrinsic brightness of each galaxy must 
change during its lifetime, since this brightness must be 
small both before stars have formed and after most stars have 
exhausted their nuclear fuel. In all big-bang models the 
galaxies are formed in a single relatively short period of 
time. Thus, if two otherwise identical galaxies are ob¬ 
served at different distances, the differing light travel 
times mean that we see them at different stages of their his¬ 
tory and therefore probably with different intrinsic bright¬ 
nesses. The amount of this evolutionary change in bright¬ 
ness and of the correction needed for it are very uncertain 
at present (see Section 11.5). 

In the next three sections of this chapter attention is 
concentrated on the three cosmological models first mentioned 
in sections 2.4, 2.5, and 2.6 — the steady-state (S), Milne 
(M), and Einstein—de Sitter (E) models. These models have 
the advantage of mathematical simplicity, and also yield 
simple values of the deceleration parameter q = -1 (steady 
state), 0 (Milne), and +0.5 (Einstein-de Sitter). One can 
consider each cosmological model in conjunction with any of 
the three theories of light propagation, leading to a 3 x 3 
matrix of possibilities with an associated simple notation, as 
in Table 11.1. This notation is used frequently in the 
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following sections. 


TABLE 11.1 

Notation for various models 


Theories of light propagation 

Classical Wave Special General 

Theory Relativity Relativity 

(C) (SR) (GR) 



Steady State 

SC 

SSR 

SGR 


(S) 




Cosmological 

Milne (M) 

MC 

MSR 

MGR 

models 

Einstein— 
de Sitter (E) 

EC 

ESR 

EGR 


11.2. THE APPARENT BRIGHTNESS - RED-SHIFT RELATION 
In this section the luminosity distance d T introduced in 
Section 10.4 is used as the most convenient measure of appa¬ 
rent brightness. The procedure for calculating d T as a func- 
tion of red-shift z is different for different theories of 
light propagation. 

For the classical and special relativistic theories the 
most convenient expression for d T is contained in Table 10.1 
and is repeated here for convenience: 

d L = (1 +z) 2 r. (11.1) 

These theories also provide unique relations between the red- 
shift of a galaxy and its speed of recession v , and these are 
reproduced here from Table 10.2: 

v = cz (C) , 

v = c -- 1 = 02 (SR). (11.2) 

(1 + sT + 1 (1+2) + 1 

Finally, the travel time of a photon from a galaxy observed at 
distance r is simply r/c in both theories. The relations 
between r and y, calculated on this basis in eqns (2.8), 
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(2.IS), and (2,24) for the simpler cosmological models, are 
therefore valid and are reproduced here 


r = v 


r 


v 


V _ *H 

1 + V / Q 

2V *H 

2 + 3 v / c 


(S) 

CM) 

(E) 


(11.3) 


where in each case t H is the Hubble time, the reciprocal of 
the present value of the Hubble parameter. 

The relation between d L and z is now easily found by com¬ 
bining the appropriate part of eqn (11.3) with the appropriate 
part of eqn (11.2) and substituting the result in eqn (11.1). 
For instance, if one is interested in the Milne model and a 
special relativistic theory of light propagation, one combines 
the result (M) of eqn (11.3) with the result (SR) of eqn 
(11.2) and finds 


r 


at. 


v/c 
1 / e 


ot H { (l+3) 2 -l}/{(l+2) 2 +l) 

l+{(l+2) 2 -l}/{(l+3) 2 +l} 


at { (1+ 2 ) 2 -1} et (2+z)z 

-2---5- = — -2 (MSR ) • 

{(l+2) 2 +l) + {(1+2) 2 -!} 2(1+2) 2 


Substituting this in eqn (11.1) gives 

d L = ct H 2(1+0.5a) (MSR). (11.4) 

This, and the five corresponding results arising from dif¬ 
ferent choices of models, are summarized in the first two rows 
of Table 11.2. 

For a general relativistic theory of light propagation 
the procedure is necessarily quite different. Since the travel 
time of a photon is not simply r/c, the results (11.3) are 
not valid, and it is convenient to replace eqn (11.1) by eqn 
(10.45): 
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TABLE 11.2. 

Luminosity distance in units of ctfor various models 

ri 


Steady-state 

model 


Milne Einstein—de Sitter 

model model 


Classical wave 
optics 


2 (1+3) 2 (SC) 2(1+2) (MC) 


3 ( 1 + 2) 2 

1+1.52 


(EC) 


Special 

relativity 


z ( 2 + z . H l l z ) .. (SSR) 3(1+0.53)* (MSR) 
(1+3) + 1 


gH - jL 5 _ zH _i> z) 2 (esr) 

1+2.53+1.252 


General 

relativity 


3(1+3) (SGR) 2(1+0.53)*(MGR) 


2{(l+z)-(l+z)S (EGR) 


*Other observational implications are also identical (Table 11.3, 
equations (10.30) and (11.83)). 

d L = (1+3) Ht 0 )s. (11.5) 


The dimensionless coordinate s is itself related to the time 
of emission by eqns (10.40) and (10.41) (the suffix on s 
has been dropped for convenience) 


sin" 1 s if k = +1 
s if k = 0 (11.6) 

sinh 1 s if k = -1 

and the time of emission is related to the red-shift by eqn 
(10.43) : 


d t 

rT t) 


= /(«) = 


1 + 3 


R (tg ) 


(11.7) 


These equations allow one in principle to calculate d T as a 
function of z , given the form of the function tf(t) and the 
value of k. The procedure is fairly complex and the three 
simple cosmological models will be considered separately. 

For the steady-state model we know from eqn (2.10) that 
the scale factor fl(t) is equal to exp {H(t-t Q )} 9 and it can 











OPTICAL OBSERVATIONS AND COSMOLOGICAL MODELS 


189 


also be shown that k - 0 [1]. The re-scaling procedure of 
Section 4.5 allows an arbitrary choice of the re-scaling 
factor P when k = 0, and the most convenient choice is that 
which leads to 


/?(*) = | exp (at) (S). (11.8) 

It is also possible and convenient, since the steady-state 
model has no natural origin of time, to choose 


t * 0 and hence P(t ) = % (S). (11.9) 

o o " 

Substituting eqns (11.8) and (11.9) into (11.6) with 
k - 0, one finds 


s - o 


r° d t 
J {c/H) exp(Pt) 


r° 

H exp(-Pt) 
E 


exp(-Pt £ )-1 


whence 


exp(-Pt E ) = 1 + s. (11.10) 

But from eqns (11.7), (11.8), and (11.9) 

■ • *• «*•“) 

Comparing eqns (11.10) and (11.11) gives s = z, and substitut¬ 
ing this with eqn (11.9) into (11.5) gives 

d T = §(1+3)3 = Ct u 3(l+3) (SGR). (11.12) 

The Einstein—de Sitter model is discussed in Section 6.2 

2/3 

and has k = 0 and P(t) « t ' . The scaling factor P is again 

arbitrary and will be chosen so that 

/?(i) = 3ctJ /3 i 2/3 , (11.13) 


and in particular 
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= 3 at Q . 


(11.14) 


Substituting this in eqn (11.6) with k = 0 gives 

t 

s = c 


f 0 t' 2/3 dt = 1 ,. 1/3 1/3 

J lot }' 3 ' *, 1/3 1 0 E 


*E 0 0 


* 1 - (W 


1/3 


whence 


*E = V 1 ^' 


(11.15) 


Also, using eqn (11.15), 


2/3 


*<V t 0 „ ,-2 

1 3 R(t ) 2/3 

t t E 


whence 


s = 1 - (1+2) 


-0.5 


(11.16) 


Substituting eqns (11.16) and (11.14) into eqn (11.5) gives 
finally 


d L = 3<Jt 0 (l+s){l-(l+s)' 0 ' 5 } 

= 2et H (l+z-(1+3) 0,5 } (EGR), (11.17) 

where the relation = 1.5 t Qf first noted for the Einstein- 
de Sitter model in Section 2.6, has been used. 

The Milne model is discussed in Section 6.2.6 and is 
defined by k = -1 and 

i?(t) = at; Jt(t Q ) = at Q . 

Substituting into eqn (11.6) with k = -1 gives 


(11.18) 
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1 * = f ° ir = lo MW; 


E 

-1 


t = t exp (-sin h^s) = t Q (/(s * 2 * +l) +s)' 1 . t (11.19) 


The red-shift, using eqns (11.18) and (11.19), is given by 

t . 

1 + 2 = = t” = /(s +1) + s 

which can be solved^ to give 


ci+ 2 r - 1 

s = Ztf+iT - 


( 11 . 20 ) 


Finally, substituting eqns (11.20) and (11.18) into eqn 
(11.5) gives 

d, = ^{(l+3) 2 -l) = ct„s (1 + 0.5a) (MGR), (11.21) 
L L n 


where eqn (2.13) has also been used. 

The results of this section are summarized in Table 11.2 
and illustrated in Figs 11.1 to 11.3. All three figures have 
two properties in common: first, all curves lie below the 
straight line 2 = d^ct^, and secondly the value of 2 for 
given d L increases as one goes from the steady-state model to 
big-bang models of increasing deceleration parameters. The 
first property is a simple consequence of d (d^/ct^)/dz >1, 
which holds for all entries in Table 11.2. The second proper¬ 
ty follows from the fact that for a given observed distance, 
the velocity of recession is higher for models with a large 
deceleration parameter. It is evident from the figures that 

all models predict d T ~ ct u z for 2 <1, and this allows obser- 
L H 


'Suppose y = /(s^+l)+s. Then /(s^+1) =y-s,s^+l=y 2 +s - 2 sy, 

y 2 - lay = 1, s = [y 2 -\)/2 y = yQy-i/" 1 ) . With y = 1 + 2 this verifies eqn 

(11.20). Also, if y = e U then s = ^e^-e"^) 5 sinh u, so exp (sinh 1 s') = 

2 ' ^ 

exp(w) = y = /(s +1) + s, as required for eqn (11.19). 
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FIG. 11.1 Luminosity distance as a function of red-shift according to 
classical optics using the equations of Table 11.2. 



FIG. 11.2 Luminosity distance as a function of red-shift according to 
special relativistic optics using the equations of Table 11.2. 
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FIG. 11.3 Luminosity distance as a function of red-shift according to 
general relativistic optics using the equations of Table 11.2. The dashed 
curve is calculated from the power series approximation, eqn (11.72). 

vational estimates of H Q to be made which are independent of 
the model chosen. It is possible to distinguish clearly bet¬ 
ween models only at rather large red-shifts, where the obser¬ 
vational uncertainties are also large. Data of apparent 
brightness versus red-shift therefore do not yet discriminate 
very convincingly between different cosmological models, as 
will also appear in Section 11.5. 

11.3. SOURCE COUNTS 

It is possible, as noted in Section 11.1, to consider either 
the number of sources within specified brightness limits or 
the number within limiting values of red-shift. However, the 
source count technique has been used primarily for radio 
sources, and red-shifts cannot be measured for these unless 
they can be identified with a visible or photographable ob¬ 
ject. It is therefore usual to consider the quantity 
defined as the total number of sources with apparent radio 
brightness greater than some limiting value S^, as a function 

of S . In this section the bolometric brightness S is con- 

v 

sidered for simplicity, and the calculation of tf(S) is dis¬ 
cussed with the simplying assumption that all sources at what¬ 
ever distance have the same intrinsic brightness A . A more 
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accurate calculation [2] would involve an integration over the 
range of possible values of A at any given time, together 
with an allowance for evolution. 

Since the intrinsic brightness of radio sources not 
identified with visible objects is poorly known, theoretical 
values of S are uncertain, and attention has been concentrated 
on the shape of the N(S)—S graph. In this context it is 
interesting to consider what shape the graph would have in a 
uniform static universe with flat space (i.e. Euclidean geo¬ 
metry). In such a universe the space density of sources is 
equal at all times to its present value n q9 so that the number 
in a sphere of radius r L centred on the observer is 

HPl ) = -3-Vi- 

Since there is no red-shift in a static universe the apparent 
bolometric brightness of a source on the surface of the sphere 
is, as in eqn (10.19), S = A / r L • Sources in the sphere all 
have apparent brightnesses greater than S, so that N(r r ) is 
the same as tf(S). It follows that 

= xv ' = x " o (!) 3/2 s * s ‘ 3/2 

and therefore 

log{tf (S')} = K' - (3/2) log(S) (uniform, static. 

Euclidean universe) (11.22) 

where K and K' involve only the constant intrinsic brightness 
and constant space density of the sources. Thus a graph of 
log{tf(S)} against log(S) would in this very special case be a 
straight line with a slope of (-3/2). 

When discussing source counts in an expanding universe it 
is necessary to specify a theory of light propagation. For 
the classical and special relativistic theories it is reason¬ 
able to assume Euclidean geometry and to consider again a 
sphere of radius v L centred on the observer. The number of 
sources observed in the sphere (i.e. observed at distances up 
to r r ) is 

L 
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(11.33) 


where N, the observed source density at distance r, is related 
to the true density N E by eqn (10.28), so that 



(11.34) 


0 


The limiting brightness S corresponding to the distance r L is 
given by eqn (10.20) so that 


z L being the red-shift corresponding to distance r^. 

It is now necessary to specify the theory of light propa¬ 
gation and the cosmological model. These determine z L as a 
function of r L , and s and as functions of r, so that tf(S) 
and S can both be found as functions of r^. It would, of 
course, be desirable to solve eqn (11.35) for r ^ as a function 
of S , but this is not possible for most models. The best that 
can be done is to calculate N (5) and S separately as functions 

of r , and plot one against the other. The results needed are 

1 / 

the expressions for z as a function of v in Table 10.1, and the 
pressions for z as a function of v in Table 10.1, and the 
results of Sections 2.4 to 2.6 reproduced below: 


v/e = x(S) , xI (1-x)(M), 



(11.36) 


and 



%/(l-x) 3 (MC), 


E 


(11.37) 


ff Q /(1-2x1 3/2 (MSR1, Nq/ (1- 1.5x1 2 (EC1, 


where the notation 


x 3 


(11.381 
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has been introduced. It is convenient to rewrite eqns 

and (11.35) in terms of x and x T s r./ot as 

It L H 

X L 

ns) = 4tiO t H ) 3 | x 2 (l+ 2 )/l? E dx, 

0 

A /{ot H ) 2 

^ z l )Ax l 


(11.34) 


(11.39) 


(11.40) 


The calculation is now straightforward except possibly 
for the evaluation of the integral. For instance, if one is 
interested in the steady-state model and a classical theory of 
light propagation, Table 10.1 with eqn (11.36) (S) gives 


z = v/o = x, z L = x £ (SC) 


and so eqns (11.39) and (11.40) become respectively, using 
eqn (11.37) (S), 


ns) 


4n(et H )' 


x 2 (l+x)yv n dx = 4n(et u ) 3 ff 


3 4 
X L + X L 


0(3 4 


(SC) 

(11.41) 


and 

A/(.at ) 2 

S = -(SC). (11.42) 

(! + x £ ) 4 x 2 

The resulting graph is shown in Fig. 11.4. Corresponding 
graphs for models SSR, MC, MSR, and EC are also shown in Figs 
11.4 and 11.5 and some of the underlying mathematics is dis¬ 
cussed in Problem 11.2. 

All curves shown have a negative slope simply because the 

number of sources down to brightness S has been plotted, and 

this number must decrease as S is increased. There are two 

main effects which displace the curves shown relative to the 
-3/2 

line N S appropriate to the static universe. The first 
is that expansion weakens the apparent brightness of any given 
source, and this displaces the curves to the left. Further¬ 
more this effect increases with distance and this results in 
the curvature shown. The second effect explains the 
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difference between tLe steady-state curves and those for the 
big-bang models. It is this: as one observes lower apparent 
brightnesses, one is observing earlier states of the universe, 
wMch correspond in f>ig-bang models to higher densities. The 
curves for the big-bang models are therefore expected to lie 
above the corresponding curve for the steady-state model. 

The general relativistic calculation.of source counts 
differs from the foregoing because the photon travel time is 
no longer r/o, and also because in non-Euclidean space the 
volume between distances r and r + dr differs from the Eucli¬ 
dean value 4nr 2 dr. In terms of the dimensionless distance 
coordinate a, the number of sources observed at coordinates 
between a and a + da is [3] 

AN = 4n R\t p )N(t p ) g2<ls 2 (11.43) 

E E /(I-fee ) 



FIG. 11.4 Number N(S) of sources with apparent brightness greater than 5, 
according to classical optics using eqns (11.41) and (11.42) and the 
results of Problem 11.2. 
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logjoCS) 

FIG. 11.5 Number #(S) of sources with apparent brightness greater than S, 
according to special relativistic optics using the results of Problem 
11 . 2 . 


where t £ is the time of emission from a source which is ob¬ 
served at coordinate s, and /l/ £ has been re-named tf(t £ ) to make 
the time dependence explicit. The time t £ and the coordinate 
S are, of course, related by the photon travel time eqns 
(10.41) and (10.40): 


d t 

Rjtj 


= f(s ) 


ds 


/(l-k(s') ) 


(11.44) 


In the context v of a source count, the time of observation 
t Q can be regarded as constant. Thus a change from s to 
s + ds involves a change from t E to t E + dt £ , where 


1 ffffr = \ 


s + ds 


ds ' 


V dt E 


/(l-fe(s') 2 ) 


a 


(11.45) 
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Subtracting eqn (11.45) from eqn (11.44) gives 

odt E ds 

/[l-fes 2 ) ’ 

and using this to change the variable in eqn (11.43) from s to 
gives the simpler result 

d It = -4it oF 2 (t c )ff(t I: )s 2 dt_ (11.46) 

be t 


where s must now be regarded as a function of determined by 
eqn (11.44). 

The source count W(S) is now obtained by integrating eqn 
(11.46) from the present time back to a limiting time t L 
which is the time corresponding to an apparent brightness S. 
The steady-state model has W(£ £ ) = ^ 0 > and so 

f* 0 2 2 

N(S) = 4it oN q I i? z (t £ )s z dt E (SGR) . (11.47) 


In the Milne and Einstein-de Sitter models, assuming no crea¬ 
tion or destruction of sources during the interval of cosmic 
time (t.J, one has instead N[t u ) = N-. (i?(t.) /i?(£ c ) } 3 from 

L U tUUt 

eqn (2.16) , and so 


HS) = 


4ncN Q R (t 


.> f ; 


0 2 a + 
s dt T 




(MGR, EGR) - 


(11.48) 


The corresponding limiting value of S is found from eqn 
(10.45) as 


S = ~2 ---FT (11.49) 

* (*0>( 1+ *L ) 8 l 

where s^, z E are values of s, z corresponding to the time t^. 

The calculation for each model can now proceed using the 
relations between s, z, F, and derived in Section 11.2. 

For the Milne model we have from eqns (11.18), (11.20), and 
the relation t Q = t H that 
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{t jt r * 1 * H 

«(t E ) = ct E ; s 2 (* H /* E J ’ 1 + 3 " *7' ^ 11,S0 ^ 


Substituting the first two of these in eqn (11.48) with 
t Q = t H gives 

3 f*H f(t„/t_) 2 - 1 2 di_ 

ff(S) = 4noff 0 ( C t H ) j { 2(t H /t E ) " } (ll * 51) 

*L 

A change of variable to y = t E / t H > 2/ L = * L /* H converts this t0 


ff(S) = TtW 0 (et H ) 3 } {i-j/} ^ 


= TX/V 


0 (< 3 * H ) 3 J {i/* 3 -2j/‘ 1 + t/} dy 


= niV 0 ( C t H ) 3 {0.5( J /- 2 -l) + 2 log e (t/ L ) + O.S(l-i/ 2 )> 

and if we define w ■ 1 /y 2 = (f H /t E ) 2 , = l/j/ E = 

this reduces to 

flf(S) = Tlff o (ct H )3 {'T * l0g e (w L ) ' 2^}- (11-52) 

The limiting value of S is found from eqn (11.49). Notice 
that from eqn (11.50), #(£ Q ) = and also 

(l+a)s = {(t H /t E ) 2 -l}/2 = (w-D/2, 


so that 


S = -^-=- (MGR). (11.53) 

(et H ) 2 (u L -l) 


Equations (11.52, 53) are equivalent to N (S) in problem (11.2) 
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with the replacement z*? L - l/(l-2ac L ). The calculations of tf(S) 
and S for the models SGR and EGR are equally straightforward; 
the results are given in Problems 11.3 and 11.4 and the graphs 
for all three models are shown in Fig. 11.6. The qualitative 
features of these curves have already been discussed in connec¬ 
tion with Figs 11.4 and 11.5 



log,,! (5) 


FIG. 11.6 Number N(S) of sources with apparent brightness greater than 
5, according to general relativistic optics using eqns (11.52) and (il.53) 
and the results of Problems 11.3 and 11.4. The dashed curve relates to 
a radio apparent brightness S^, assuming a spectral index 0.7, not to a 
bolometric apparent brightness S. 

The dotted curve represents a source count for the SGR 
model in which the apparent radio brightness S is considered 
rather than the bolometric brightness S, assuming a spectral 
index of 0.7. It can be derived from the corresponding curve 
for S as follows. By eqns (10.22) and (10.24) the ratio S^/S 
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for a source with spectral index 0.7 and red-shift z T is 

Li 

SJS = {AjA) (l + z^) 0 - 3 . 

Now W(S), calculated from eqn (11.48) or (11.49), is simply 
the number of sources observed at red-shifts up to z T , and can 
equally well be denoted by W(S v ). The procedure for convert¬ 
ing a graph of N (5) against S into a graph of against S^ 

is therefore simple: multiply each value of S by 
(A /A) (1+s ) * . Since the graph shown is logarithmic and we 
are interested only in its shape, the constant factor A /A can 
be ignored, and this has been done in the figure. 

It is now possible to compare the theoretical source 
counts with observation. The theoretical curves all have 

slopes which are less than the value (-1.5) for the straight 
-3/2 

line N(S ) a S . However, the observed source counts [4] 
lead to curves which are generally steeper than this line, 
with slopes of about (-1.8). The discrepancy is so large that 
it almost forces the conclusion that evolutionary effects are 
important, in the sense that either the intrinsic brightness 
of radio sources changes with time or their space density 
changes with time in a way different from that allowed for 
by eqns (11.48) or (11.49). Since the steady-state theory 
cannot allow either form of evolution, the source counts are 
generally considered to be strong evidence against that theory. 
It is also clear that the source counts cannot be used to 
decide between Friedmann models until evolutionary effects are 
well understood. 

11.4. HOW DARK IS THE NIGHT SKY? OLBERS’ PARADOX 

(a) Qualitative discussion 

The preceding two sections discussed observations which can 
be made only using a fairly large optical or radio telescope. 
No instruments at all are needed, however, to make the obser¬ 
vation that the sky is dark at night! The surprising fact 
that this rules out some otherwise possible models of the 
universe was pointed out by de Cheseaux [5] in 1744 and inde¬ 
pendently by Olbers [6] in 1826. The result is now commonly 
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known as the Olbers 1 paradox [7], 

The paradox arises when one considers a universe which 
is 

(i) infinite in extent; 

(ii) uniform in space — the mean density of galaxies in 
space does not vary with distance; 

(iii) static — there are no systematic motions of the galax¬ 
ies, also the mean brightness of galaxies does not 
alter with time; 

(iv) infinitely old. 

Such a model universe differs from any commonly accepted to¬ 
day in having, by property (iii), no overall expansion. 

Property (iv) in conjunction with (iii) is also ruled out by 
the conservation of energy, since it implies that each galaxy 
has emitted an infinite amount of energy in the past. In 
Olbers 1 time, however, the first three properties at least 
seemed plausible and were quite widely accepted, with the word 
’star’ replacing ’galaxy'. The fact that property (iv) is 
essential to the paradox was not noted explicitly by Olbers. 

A non-mathematical statement of the paradox can be given 
as follows. Since stars are of finite size, any straight 
line drawn through an infinite space containing a uniform 
density of stars must sooner or later intersect the surface of 
a star. More precisely, if p is the probability that a line 
of length L intersects the surface of at least one star (p is 
certainly not zero if L is much greater than the average dis¬ 
tance between stars) then the probability that a line of 
length nL does not intersect the surface of any star is (l-p) n , 
and tends to zero as n ■+ <». Thus a line of sight, drawn in 
any direction from an observer, must end on the surface of a 
star. Since the apparent brightness of a luminous surface at 
rest does not vary with distance, the sky should appear in all 
directions as bright as the surface of a typical star. 

The paradox can be resolved in several ways. Evidently a 
finite universe (lacking property (i)), or one in which the 
density of stars or galaxies decreases rapidly with distance 
from the observer (lacking property (ii)), can avoid the prob¬ 
lem. So can a universe infinite in extent but finite in age 
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(i.e. lacking property (iv)), since if the stars were all 
created a time t Q ago no star at a distance greater than ct Q 
can now be seen. However, the resolution of the problem which 
is currently of most interest is that which discards property 
(iii) and replaces the static universe by an expanding one. 

The expansion introduces three effects: (a) the light from 
each galaxy is weakened by the red-shift and aberration fac¬ 
tors (10.7) and (10.15), (b) the apparent density of galaxies 
in space is increased by the factor (10.28), and (c) the true 
density of galaxies in space at large distances is increased 
since they are observed at times earlier and nearer the start 
of the expansion than the present. Since (a) decreases the 
light received from distant sources while (b) and (c) increase 
it, a more detailed calculation is needed to find whether, in 
a particular expanding model universe, the paradox is in fact 
resolved. 

(b) Quantitative discussion 

The detailed calculation can make use of the theory of source 
counts in the following way. If one writes the number of 
sources within a sphere of radius r^ formally as 



0 


then the total energy received by a unit area at 0 from these 
sources is 



(11.54) 


0 


where S is the average bolometric apparent brightness of the 
(dtf/dr)dr sources between r and r + dr. (The unit area must 
be arranged so as to accept energy from all directions, i.e. 
it must be a sphere of unit cross-section.) The total energy 
received from all sources is obtained simply by making r^ -+ 00 
(if no horizon exists) or r L + r h (if a horizon exists at r h ) 
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One thus has the following recipe: to convert an expression of 
the type (11.34) for a source count N(S) into an expression 
for the total energy E incident on unit area, multiply the 
integrand by S and extend the upper limit of integration to 
the horizon. The reader should satisfy himself that the same 
procedure is reasonable for the general relativistic expres¬ 
sions (11.47) and (11.48), except that the lower limit of 
integration is extended to * 0 (for MGR, EGR) or to 

fc b 2 

(for SGR). The relevant expression for S is of course A/d T > 

L 

with d T given by eqn (10.21) or eqn (10.45) depending on the 

theory of light propagation in use, and with A taken to be an 

average value of intrinsic brightness. 

In a universe satisfying the conditions (i) to (iv), and 

2 2 

also having flat space, one has S = A/r and dN/dr = 4Ti^ Q r . 
There is also no horizon, so that the total energy E is eqn 
(11.54) with r L = °°, or 



2 

AnN dr 


(11.55) 


00 


Eqns (11.54) and (11.55) overestimate E , by neglecting 
the fact that some fraction / of the light from stars at dis¬ 
tance r will be intercepted by nearer stars and prevented from 
reaching the observer. Allowance for this effect can be made 
by multiplying the integrand of each equation by a correction 
factor (1-/ ). One would expect that / will be small for 
small r and approach unity for large r, so that the effect of 
the correction on eqn (11.55) will be to impose a 'cut-off' at 
some large but finite r, and so make E for the infinite static 
universe finite rather than infinite. The correction is less 
important for the expanding universe models discussed below, 
and will in fact be neglected. This is justifiable because 
most of the light in such models comes from distances less than 
or of the order of ot^ y both because of the existence of hori¬ 
zons in some models and because in any case the red-shift and 
aberration factors of Table 10.1 reduce the apparent bright¬ 
ness of more distant sources. 

We can estimate as follows. A cylinder of cross- 
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sectional area A and length r, stretching from the observer to 
a star S, will on average contain a number n - NAr of stars, 

N being the average number density of stars in the universe. 
The probability that any one of these stars will eclipse S is 
(a/A), a being the typical cross-section of a star. The 
probability that none of the n stars will eclipse S is there¬ 
fore 1-/ * (1 -a/A) n ~ l-na/A, so that f ~ na/A = Nar . The 

** -12 ** -13 

estimates N ~ 10 stars per cubic light year and a ~ 10 

- 2 5 

square light years then lead to f r ~ 10 r. Since ct H is 
about 2 x 10 10 light years, it follows that / < 10~ 15 for 
v < ct„. / can therefore be neglected in expanding universe 
models. A similar calculation involving galaxies rather than 
stars would greatly overestimate f^ 9 because the outer layers 
of galaxies are transparent. The corresponding numbers for 
such a calculation are N ~ 4 x 10 and a ~ 10 , leading to 
f < 10” 1 for v < ot u . 

Note that a universe which satisfied (ii) to (iv) in flat 
space, but was a finite sphere of radius r u centred on the 
observer, would give 


E 


4nAN q 



0 u 


We can therefore define, for any model universe, an equivalent 
radius r(equiv.), which is the radius of a finite uniform 
static universe which would have the same value of E 9 by 

r(equiv.) s E/4nAN Q . (11.56) 

To illustrate the calculation of E 9 consider first the 
steady-state model with classical optics. The source count 
integral is, from eqn (11.41), 


L 

4ii(<?t H ) 3 | x 2 (l dx 

0 

with x s v/q = r/et u in the steady-state model. Our recipe 
H 


OPTICAL OBSERVATIONS.AND COSMOLOGICAL MODELS 


207 


requires us to multiply the integrand by 


(c?i H ) 2 r 2 (1+x) 4 

(see eqn (11.42)) and integrate out to the horizon. In clas¬ 
sical optics the horizon is at infinity, so the result is 


E = AnAN 


r°° 

.«*» £ 

J 'Y' 


'(!+*) 


x 2 (1+x) 4 


dx (SC) 


* 4 ti An 


r 


dx 


(1+x)' 


2wAN . 


(11.57) 


In terms of the equivalent radius of eqn (11.56), this gives 


r(equiv.) = 0.5 (SC) (11.58) 

As a second illustration, consider the Milne model with 
general relativistic optics. The source-count integral 
(11.51) must have its integrand multiplied by S and the lower 
limit of integration must be zero. From eqns (10.45) and 
(11.50), and using also that tf(t Q ) * for the Milne model, 

we find 

s , _ A m _ 4 A _ 

(ci H ) 2 (l+2) 2 s 2 ( C t H ) 2 {(i H /i E ) 2 -l } 2 


Multiplying the integrand of eqn (11.51) by this and 
= 0 gives 


E = 4ti/V 


i 


44 

- -2 TT = 4nAN o at 


o E 




= 2nA/V n at u 

U H 


(MGR) 


setting 


t E dt 

(t H ) 


E 

2 


(11.59) 


with a corresponding equivalent radius 
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r (equiv.) = 0.5 (MGR) (11.60) 


Similar results can be calculated for other models, and 
the results are shown in Table 11.3, details of the calcula¬ 
tion being discussed in Problems 11.5-11.7. Model ESR has 
been excluded from the table, as it was from the discussion of 
source counts, because of the difficulty of evaluating the 
correction discussed at the end of Section 10.6. 


TABLE 11.3 

Equivalent radii of model universes 


Cosmological 

model 



Theories 

Classical 

of light propagat 

Special 

relativity 

ion 

General 

relativity 

Steady-state 

0.5 

0.2876 

0.25 

Milne 

1.0 

0.5 

0.5 

Einstein— 
de Sitter 

0.5 


0.4 


The table shows equivalent radii r(equiv.), related to the total energy 

incident from the night sky by eqn (11.56), in units of <?£„. 

H 


11.5. THE LUMINOSITY DISTANCE AS A POWER SERIES IN THE RED- 
SHIFT 

The preceding three sections have given exact results for 
three particularly simple cosmological models. When one con¬ 
siders more complicated models it is usually necessary either 
to analyse the problem numerically, for particular values of 
the parameters, or to seek an approximate method of solution. 
One such approximate method involves the expansion of the 
scale factor i?(t^) as a power series in the photon travel time 
or 'time of flight’ defined as 

s *0 - V (11.61) 

Such an expansion is most accurate for nearby objects which 
have short photon travel times. It is therefore particularly 
appropriate for calculating the luminosity distance d T , which 
itself is most accurately known for neaby objects. The present 
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section uses the power series approach to examine the relation 
between d T and the red-shift 2 . In this context the notation 
0(x n ), meaning 'terms containing x and higher powers of x ' is 
useful. Also the symbol » will be used to indicate that 
powers of x or z higher than those explicitly given are 
neglected. 

The starting points are the expressions (10.43) for z 
and (10.44) for d T . Expanding /?(£„) as a Taylor series about 

u t 

the present time t n gives 




d/f 

at 


<W 


d 2 R 


it" 


( W 


(11.62) 


From eqns (4.19) and (4.22) it follows that 


d R 

Ji 


= and 


d 2 R 


d t 


- - W ( V- f 11 - 63 ) 


Substituting these results and eqn (11.61) into eqn (11.62) 
gives 

nt E ) = lf(t 0 ){l-// 0 t f -^ 0 ff 0 2 t f 2 + O(t f 3 )}, (11.64) 

and if one introduces a new variable 


x 3 B 0 t f , 


(11.65) 


this is equivalent to 

i?(* E ) « R(t Q ){l-x-hq 0 x 2 } , (11.66) 


and so by eqn (10.43) to 


1 + 2 


tf(t 0 ) 

■ wqj 


/n i 2,-1 

{ 1 -x-hq^x } 


(11.67) 


It is now necessary to decide what level of accuracy is 
needed. We already know from Section 11.2 that ~ ct^z for 
small 2 . A significant improvement on this will involve the 
second power of z and be of the form d L ~ at \\ z (l +oc s+. ..) . We 
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2 2 

therefore need to retain terms in a or equivalently in x , 
and shall neglect higher powers. Using the general result 
(1-2/) =l + 2 / + z/ + ... in eqn (11.67) gives 

2 * {x+hq Q x * 2 ) + (x + ^x 2 ) 2 + ... 

+ (1 +hq Q )x 2 . ( 11 . 68 ) 

This result can be inverted^ to give 

X « 3 - (1 + Js<7 0 )3 2 . (11.69) 

Since eqn (10.44) involves the coordinate s, we now need 
a relation between s and x or a. The starting point here is 
eqn (11.44). The right-hand side of this equation can be 
approximated as 


/(«) = J S (1 -k(g') 2 )' h da' 

0 

= | S {1+|( S ') 2 +...} ds' 

0 

v s ^ 3 

= s + + ... = s + 0(s ), (11.70) 

2 

so that /(a) « s if powers higher than s are neglected. Also, 
if we define 


x' ^ Af 0 (t 0 -t) = (t 0 -t)/t H (11.71) 

then replacing by t and hence x by x' in eqn (11.68) gives 


f 2 2 2 2 2 

If z = x + ax + —, and if x = a - Ba + ... then z = a-Ba +a (z-Sz ) - 

2 2 

z + (a-B)a + ... which is correct up to terms in a if B = a. 
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ot. 


r 


dx 1 

flitj 




r 


{1+x 


+ (l + ^ 0 )(* # ) 


} dx 


Ct H 



Combining this with eqn (11.70) gives 



and substituting this in eqn (11.44) gives 



2 

= Ct H (l+2)|z-(l+!i(e 0 )2 2 +^-+C>(3 3 )| 


(using eqn (11.69)) 


« et H 3{l+0.5(l-q 0 )z}. 


(11.72) 


This is the required power series for d T as a function of 
z. By comparing it with observations it is possible to esti¬ 
mate both the Hubble parameter 2 l/t H anc * t * ie deceleration 
parameter q ^, and this is one of the better ways of estimat¬ 
ing these quantities. 

The accuracy of the estimate of q Q can be improved by 
making allowances for the evolution in brightness of sources. 
Define an evolutionary parameter which is related to the 
rate of change of the intrinsic brightness 4 of a source by 


H 0 A 0 


dA 

at 


(11.73) 


where A Q is the present intrinsic brightness. Then the in¬ 
trinsic brightness at the time of observation is 
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/Ut E ) 


4(t 0 ) - 


d4 
cTt 


^E t O ) 


= A r 


d A 

at 




= i4 Q {l-a e ^ 0 t f +. . . } = A 0 {l-a e x+O(x )} 


(11.74) 


where eqns (11.61) and (11.65) have been used. Now the appa¬ 
rent brightness S of the source must satisfy 




= s 



* 

where d T is the luminosity distance which would be inferred 

L 

from the apparent brightness without allowing for evolution. 
Hence 


d* L = d L U 0 //i(t E )} !5 = d L {\-* e x+0{x 2 )V h 

= d r {1 + 0.5a x+O (x 2 )} 

L e 

= cf r {1 + 0.5a s +0(z 2 )} (11.75) 

L e 


which with eqn (11.72) implies 

d T « 3(1+0.5(1+a -q n )z}. (11.76) 

L n e u 

One way of expressing this result is to say that evolu¬ 
tion replaces q Q by an apparent deceleration parameter 

*0. “ q 0 - V ( n - 77 ^ 

Estimates of vary considerably. Gott et al. [8] consider 
it to lie in the range from -0.4 to -1.2, which combined with 
Sandage's estimate [9] q Qa = 1.0 ± 1 leads to -1.2< q^ < +1.6. 
The more recent estimate [10] q ^ = -0.15 ± 0.57 suggests a 
negative value of q^ , implying by eqn (4.24) a positive value 
of the cosmological constant X. This conclusion was also 
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reached in a more detailed discussion by Gunn and Tinsley [11] 
but must be regarded as tentative. 

11.6. HORIZONS AND ANGULAR DIAMETERS IN GENERAL RELATIVISTIC 
MODELS 

In discussing the existence of a horizon in a GR universe one 
has to specify which measure of distance is to be used. For 
instance, one could ask either 
(i) Which sources observable at the present time have the 
greatest value of the dimensionless distance coordinate 
s? 
or 

(ii) Which of these sources had the greatest distance r at 
the time of emission of the light now being observed? 
Since by eqn (10.37) ds/dt<0 for all the relevant 
photons, the greatest possible value of s is found by going to 
the earliest possible time of emission - to t £ = 0 for models 
MGR, EGR and to t = -«> for model SGR. One then finds from 
Eqns (11.10), (11.15), and (11.19) that the greatest value of 
s is 


oo (SGR) 

s = (MGR) (11.78) 

max v ' 

1 (EGR) 

and corresponds in each case to an infinite red-shift. Thus 
only the Einstein-de Sitter model has a definite horizon in 
the sense of question (i). The present proper distance of a 
source on this horizon is found from eqns (10.61) and (11.14) 
to be 

d (tj = 3 ct n = 2 ot u (EGR). (11.79) 

prop max v 0' 0 H v J K J 

Weinberg [12] gives results generalizing eqn (11.79) to dif¬ 
ferent (A = 0) model universes. 

The greatest value of r, on the other hand, is not neces¬ 
sarily found at the earliest time, since eqn (10.36) shows 
that dr/dt need not be negative — the motion of a photon to¬ 
wards the observer may be more than balanced by the overall 
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expansion of the universe. We must therefore consider each 
model in detail. For model SGR it follows from eqns (11.8), 
(11.10), and (11.11) that 


r = /?(t £ )s = 1-exp (^t E ) } = ct^z/{ l + s) (SGR). (11.80) 


Similarly from eqns (11.13), (11.15), and (11.16) 

(EGR) 


,t 2/l t T 




and from eqns (11.18) to (11.20) 

2 




(11.81) 


(11.82) 


Inspection of these results shows that for models SGR and MGR 
the greatest distance does correspond to an infinite red-shift, 
the values being 


rct H (SGR) 
^0.5<?t u (MGR). 

H 


(11.83) 


For model EGR, on the other hand, an infinite red-shift corres¬ 
ponds to v = 0. The greatest value of v is found at a red- 
shift such that dr/dz = 0, and is 


r 

max 


Sot 

-~2ir ( EGR ) > 


(11.84) 


corresponding to a red-shift z = 1.25 and to a time of emis- 
sion t E = t Q /(2.25) 3/2 = 8t Q /27. 

The way in which model EGR differs from SGR and MGR can 
be seen more clearly from Fig. 11.7, which is based on eqns 
(11.80) to (11.82). Because gravity is the dominant force in 
model EGR, the recessional velocity v = Hr of every galaxy is 
very high soon after the start of the expansion, and so photons 
emitted at early times at first traverse regions in which 
Hr>c and are ’swept’ away from the observer. They can reach 
the observer only when the rate of expansion has slowed down 
sufficiently. In models SGR and MGR, on the other hand, the 
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velocities of all galaxies are constant or decrease as one goes 
further back in time, so no ’sweeping' of photons occurs. 




t/t H 


FIG. 11.7 Free photon propagation (solid lines) to reach the observer 
at A,and motion of galaxies (dashed lines), for three general relativistic 
cosmological models. (a) Steady-state; the present time has been taken as 
zero. (b) Milne; a photon emitted at the big bang is shown. 
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(c) 



FIG. 11.7(c) Einstein-de Sitter; a photon emitted at the big bang is shown. 

Because the angular diameter of a source at distance r is 
6 = D/r, D being the true diameter, eqn (11.84) implies that a 
set of identical sources at different distances in an EGR uni¬ 
verse will all have apparent angular diameters greater than or 
equal to a limiting value 



Furthermore, the limiting value 6 . occurs not at infinite 
red-shift but at 2 = 1.25, less than many observed red-shifts. 
In fact all Friedmann models with q> 0 have such a limit for 
given D [13]. Thus observations of angular diameter as a 
function of red-shift or luminosity distance can provide evi¬ 
dence to distinguish between cosmological models. 

Some recent measurements [14] suggest that q Q = 0.3 ± 0.2, 
thus apparently ruling out the steady-state model as discussed 
in this book. 
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PROBLEMS 

(11.1) Using eqns (11.1) to (11.3), verify the first two rows 
of Table 11.2. 


(11.2) Dimensionless radio source counts and apparent bright¬ 
ness are defined by 


N’ 


ns) . 

4n.yv 0 (ct H ) 3 


S' 


(ct H ) 2 S 

A 


Using eqns (11.36) to (11.40) verify the following: 
For model MC, 



For model MSR, 

N ' = Ml-2x L + 2lln(1 ' 2x L^ * ^' 2x L^} and S ' = } • 

For model SSR, 



(11.3) With the notation of the previous question and eqns 
(11.8) to (11.11) and (11.47) show that for model SGR, 

N' = - - — K, - 1.5 + &n(w) and S' = —~— -=- 

w ~ 2 v 2 ri> 2 

2 w w (u-1) 

with w = exp(-tft L ). 


(11.4) Using eqns (11.13) to (11.15) and (11.48) show that 
for model EGR, 

2 

»» d ■ {rn^rr} 


with y L B < W 


1/3 
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(11.5) Verify the entries in Table 11.3 for models MC and EC, 
using eqns (11.36) to (11.38) and noting that the great¬ 
est observable distances in these models are (MC) and 

2et H /3 (EC) , corresponding in each case to infinite velo¬ 
cities of recession. 


(11.6) Verify the entries in Table 11.3 for models SSR and 
MSR, using eqns (11.36) to (11.38) and the horizon dis¬ 
tances of eqn (10.30). Note that 



0 


da: 


0.2876. 


(11.7) Verify the entries in Table 11.3 for models SGR and 
EGR. 


APPENDIX A 


Effects of a special relativistic theory of light propagation 


Al. THE LORENTZ TRANSFORMATION 

In this Appendix the special relativistic results required in 
Section 10.6 are established. 

Suppose that an observer 0, at rest relative to the 
centre of our galaxy, and an observer O' at rest relative to 
the centre of a galaxy G, measure the position and time of an 
event E. Suppose also that they agree to choose Cartesian 
coordinate systems S and S' such that corresponding axes in 
the two systems are parallel, and that S' is receding from 0 
along the x-axis of S with a constant speed v , as in Fig. A.l. 



FIG. A.l Relation between reference frames in relativistic motion, at 
time t in frame 5. 


Suppose finally that the observers agreed to synchronize their 
clocks to read zero at the instant when the two sets of axes 
coincided. Then Newtonian ideas of the nature of space and 
time lead to the following relations 


y’ = v 

Z ' = 2 

t' = t 


(A.l) 


where x, z/, z are the space coordinates and t the time of any 
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event E, measured by 0, and x ', y ', a', t' are corresponding 
quantities measured by O'. 

It is a consequence of (A.l) that the velocity of any 
moving object or signal depends on the reference frame in 
which it is measured. In particular, a signal propagating 
with speed o relative to 0 along the x-axis will satisfy 
x = ot + x Q , y = z = 0, and it follows from (A.l) that 
x f - + x Q , y' = z' = 0, so that the signal propagates 

with speed (o-v) relative to O'. There is, however, strong 
experimental evidence that the speed of light in vacuum is the 
same relative to all observers. If one accepts this constancy 
of the speed of light as an axiom, and looks for the simplest 
possible equivalent of (A.l) which will satisfy the axiom, one 
finds the Lorentz transformation : 


x ' = 3 (x-vt ) 
y' = y 


with 0 * (\-v 2 /c 2 )~' i 


(A.2) 



It is easy to verify that x - ot implies x r = ot 9 and con¬ 
versely, so that a signal travelling along the x-axis with 
speed o in one frame also has speed o in the other frame. It 
follows from (A.17) below that the same is true for a signal 
travelling in a general direction. 

The replacement of (A.l) by the Lorentz transformation 
(A.2) has far-reaching consequences for classical physics. In 
this Appendix we confine ourselves to discussing effects of 
direct relevance to observational cosmology as discussed in 
this book. 

A.2. TIME DILATION AND THE RED-SHIFT 

Suppose that a light source at rest in S' emits light pulses 
which are seen by both observers. Let the events E^ E 2 be 
the emission of two such pulses, and let the time interval 
between them, measured by O', be At' E . According to classical 
physics the light pulses are seen by 0 at times separated by a 
time interval At Q t A£' E , because of the classical red-shift 
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of eqn (10.4), but 0 can allow for this red-shift and infer 
that the time interval between E 1 and E 2 was At £ = At Q /(1+v/c). 
The inferred At £ would then be equal to At' £ by (A.l). In 
special relativity, however, this At E is still a time interval 
in 0’s reference frame S, and the Lorentz transformation must 
be used to relate it to the time interval in S'. Neglecting 
the y and z coordinates, the coordinates of E 1 and E 2 in S' 
can be written (x ', t') and (x ', t ' + At ' E ) respectively. If 
the coordinates in S are (x, t) and (x + Ax, t + At £ ), then 
(A.2) gives 


x' = 3(x-yt) = 3(x+Ax-u(t+At E )); 


t ' 



fc,+A *' E 


3 t+At t 


-^(x+Ax)) 


whence 


Ax = vAt c 
E 


and 

2 

At' E =e(At E -^Ax) = p(l-^)At E . 

Recalling the definition of B in (A.2), this can finally be 
written 

A t' E = {1-v 2 /c 2 )' 2 At^ = At g/3; A t £ = 3At' E . (A.3) 

Although time intervals are thus seen to be relative to 
the state of motion of an observer, the interval At has a 
special importance in that it is measured by an observer for 
whom the two events coincide in space. Thus a clock located 
at the point in S' where E^^ and E 2 occur will actually register 
a time interval A£' E extending from E^ to E 2 . On the other 
hand, there is no clock anywhere which directly registers the 
time interval At £ ; this time interval is inferred by 0 from 
more complicated observations. For this reason At ' E is called 
a proper time interval. The fact that At £ f At' E is known as 
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the time dilation effect, and can be described in general as 
follows: 

If E 1 and E 2 are events in the history of an object, 

the time interval between them, in a reference frame in 

which the object is moving with speed v , is greater by 

the factor 3 than the proper time interval between them. 

One consequence of this is explored in Problem A.l. To 

discuss the red-shift we return to equation (A.3), and note 

that if Ej^ and E 2 are emissions of successive wavecrests of 

light, the proper frequency of emission is v' = 1/A£', and 

b b 

the proper frequency of arrival is v Q s 1/At ^. Hence the 
definition (10.2) of the red-shift must be replaced by 


1 + 2 



Combining eqns (10.4) and (A.3) and (A.4), we find 


(A.4) 


1 



1+v/c 

(1 -v 2 /c 2 ) h 9 


and after some algebra 



(A.5) 


(A.6) 


thus confirming eqn (10.29) in Section 10.6. The arguments 
leading to eqns (10.7) and (10.13), and those equations them¬ 
selves, remain valid, with replaced by v' E and A t^ by At' E 
throughout. For example. 


is an equation which holds in classical and special relativis¬ 
tic optics. 

A.3. THE LORENTZ-FITZGERALD CONTRACTION AND THE DENSITY 
TRANSFORMATION 

Suppose that a thin rod, parallel to the x-axis, is at rest in 
S' with one end at the origin of S'. Then the x-coordinates of 
the ends of the rod in S' will be x^ s 0 and x' 2 s L ' at all 
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times, where L' is the length of the rod measured in S'. For 
obvious reasons L' is called the proper length of the rod. By 
the first equation of (A.2), these results imply x l = vt and 
x 2 * vt + L'/3 for the ^-coordinates of the ends at a time t 
in S. Thus if 0 measures the positions of both ends at the 
same time in his reference frame S, the distance between these 
positions will be L'/3, and he will regard this as a valid 
measurement of the length L . Thus we have the result 

L = L '/3 (A.7) 

which is known as the Lorentz—Fitzgerald contraction and can 
be generalized as follows: 

The length (measured in the direction of motion) of 
any object moving with speed v relative to the observer 
is less by a factor 3 than the proper length of the ob¬ 
ject. Lengths perpendicular to the direction of motion 
are the same as corresponding proper lengths. 

The application to the density transformation of Section 
10.5 is clear. Regarding the galaxies G, G 1 as ends of a rod, 
Aof eqn (10.27) corresponds to L and the proper distance 
GG 2 = Ar' E corresponds to the proper length L ', so that 
Ar' E = 3Ar £ . The quantity of interest is now the ratio of the 
observed density N to the proper density N'^ = n/Ar' E Az/'As '. 
Since the first half of eqn (10.27) remains valid, the argu¬ 
ment leading to eqn (10.28) can be replaced by 



where we have used (A.5) and also A y' - A y, As' * As from 
(A.2). Thus eqn (10.28) remains valid if one replaces N E by 
the proper density N r £ and uses the special relativistic ex¬ 
pression (A.5) for s. This confirms a remark to this effect 
in Section 10.6. 

A.4. VELOCITY ADDITION AND THE ABERRATION OF LIGHT 

If a particle moves with constant velocity in the x - y plane 

of S, its space coordinates at time t in S will be 
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x- = w £ ( + constant), y - w t (+ constant) f z - 0 {A. 9) 

x y 


where w^ are components of the particle velocity in S. 

The constants here can always be reduced to zero by a cnange 
of origin, and we assume this to have been done in what fol¬ 
lows. Substitution of (A.9) into (A.2) then gives the coordi¬ 
nates in S' as 


ar' 


y' = w t, z 



from which one finds 


(A.10) 


= w ’ 


y 1 


with 


w -v 
x 


(l-vw /o ) 
v x' J 


3 1 w Il 


(1 -vw /c ) 

v X J 


(A.11) 


(A.12) 


Eqns (A.12) determine w and the velocity components of 

the moving particle in S', as functions of its velocity compo¬ 
nents in S. 

A similar argument holds if one considers a reference 
frame S" which is moving in the negative ^-direction with 
speed v relative to S. The Lorentz transformation for this 
frame has v replaced by (-v). If one also considers the par¬ 
ticle referred to in (A.9) to move parallel to the x-axis, so 

that w = w and w =0, the result corresponding to (A.12) is 
x y 

w" = -(relativistic addition of velocities) (A.13) 

(1 +vw/c z ) 

compared to 

w" - w+v (Newtonian addition of velocities) (A.14) 

for the same situation in Newtonian theory. The crucial dif¬ 
ference is that in special relativity the result of adding two 
velocities less than is itself less than c ; for instance 
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w = v = 0.8c leads to w" = 1.6c (Newtonian) but to w" = 

0.9756c (relativistic). 

To discuss aberration we return to (A.12) and suppose 
that the particle considered is a photon with a velocity 
making an angle 0 with the negative x-direction in S, and an 
angle O' with the negative x-direction in S'. Since the speed 
of light is c in both reference frames, we have 


w = -c cos 0, w = c sin 0 
x y 


(A.15) 


and 


w ' = -c cos O', w' = c sin O' 

x y 


(A.16) 


Using (A.15) in conjunction with (A.12) gives 


w 


x 


(c cos Q+t>) , = g Sin 0 

(1 +t> cos O/c) ’ y $(l + v cos O/c) 


(A.17) 


and it is now possible to verify that the speed of the photon 

2 2 2 

in S ' is c, by checking that (&> '^) + () = c . Comparing 

(A.17) with (A.16) gives 


cos 0' 


cos 0 + v/c 
1 + v cos O/c 


sin O' 


sin 0 

3(l+u cos O/c)* 

(A.18) 


If 0 and O' are small, so that sin O' ~ O', sin 0 ~ 0 and 
cos O ~ 1, the second of these equations reduces to 

®' /d = = (iwf) (A - 19) 

By the argument of Section 10.3 based on Fig. 10.4, but with 
0 £ replaced by O', we now conclude that the energy received 
per unit area from a receding source must be multiplied by 
the aberration factor 

r, ■ ’ (raft) ' (4 - 20) 

Thus f retains the classical red-shift dependence of (10.15), 
a 
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although its velocity dependence is different. From the un¬ 
changed z-dependence of / rg and / a , it follows that the lumi¬ 
nosity distance also retains the classical form (10.21). We 
have therefore confirmed remarks made to this effect in Sec¬ 
tion 10.6. 

A.5. DENSITY OF GALAXIES IN THE MILNE MODEL 

It is argued in Section 2.5 that the number density of a set 
of galaxies, at a time t after the start of the expansion of 
the universe, is in the Milne model equal to 



But if these galaxies are receding from the observer, the 
question now arises in which reference frame the time t is to 
be measured. If an event E occurs at a time t in the obser¬ 
ver’s frame S, and at a time t' in the frame S' which moves 
with the particular galaxies under consideration, then by 
(A.3) t’ = t/ 3. (Note that this simple relationship holds for 

the Milne model because each galaxy moves with constant velo¬ 
city, so that there is an associated inertial frame S' in 
which it is permanently at rest.) The cosmological principle 
demands that the density of galaxies near any observer shall 
be a function only of proper time for that observer; therefore 
the relevant time is t' rather than t. We conclude that the 
true density of a set of galaxies, observed by light which 
left them at a time t in S 9 is 



Nit) = N Q 


(A.21) 


Now eqns (2.14) and (2.15) depend only on measurements in the 
frame S and therefore remain valid in special relativity. It 
follows from eqns (2.14) and (2.15) that 


t 


H 


t 


H v 
r * t 



vt 


t 


(A.22) 


and so eqn (2.17) is to be replaced by 
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where eqn (2.14) has again been used. This confirms eqn 

(10.32) of Section 10.6. 

PROBLEMS 

(A.l) A spaceship leaves the Earth at t = 0 (in a reference 

frame S fixed in the Earth) and moves with constant speed 
v = 0.6c relative to S for a period of 4 years as mea¬ 
sured by the spaceship’s clock. It then reverses its 
direction of motion instantaneously, keeping the speed 
unchanged, and returns to Earth. During its flight it 
emits radio signals at the end of every year of flight, 
as measured by its clock, which are received by an obser¬ 
ver on the Earth. Assuming that (A.3) is valid during 
both parts of the flight, 

(i) Find the ship’s x and t coordinates in reference 
frame S at the time of emission of each signal. 

(ii) Find the time of observation of each signal in S. 
Verify that these times are consistent with 
At Q /A£g = 1+3, if z is given by (A.6) with 
v = + 0.6c for signals emitted during the first 
part of the flight, and v = -0.6c for signals 
emitted during the second part. 

(iii) Verify that during the flight ten years have 

elapsed on the Earth, while only eight years have 
elapsed on the ship. This is an instance of the 
famous ’clock paradox’. 

(The time difference is greater for higher speeds. If 
v = 0.995c, the elapsed time for a return trip to a star 
40 light-years distant is about 80 years on Earth but less 
than 8 years on the ship.) 

(A.2) A light source G is moving with speed v in S, and its 
direction of motion makes an angle 0 with OG, 0 being an 
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observer fixed in S. Show that eqn (10.4) must be re¬ 
placed by 

“o ■ 

and that using (A.3) and (A.4) gives for the red-shift 


Verify that for 0=0 this reduces to (A.6), and 
that for O = 180° it reduces to (A.6) with v replaced by 
(-v). Show also that for a given speed v there is just 
one value of 0 which results in zero red-shift, and find 
this value for v = 0.8c. 


(A.3) It has been suggested that some quasars are objects 

ejected at high speed from nearby galaxies. Suppose that 
such objects, all having the same intrinsic brightness, 
are ejected in different directions but with the same 
speed from a galaxy at rest relative to our own. If the 
maximum red-shift observed is 2 = 2, find 

(i) the speed of ejection, 

(ii) the maximum blue-shift, i.e. the largest negative 
value of 2 , 

(iii) the ratio of the maximum and minimum apparent 

brightnesses, assuming all the objects to be at 
essentially the same distances from the observer. 
(It may be assumed that all special relativistic results 
of Tables 10.1 and 10.2 remain valid for a light source 
approaching the observer, with v replaced by (-i>).) 
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The mass of a typical stable particle, the number of such particles 
in the universe, and cosmological coincidences 

A time-dependent gravitational constant has been envisaged in 
Section 1.2, and some further implications of it are pursued 
in this Appendix, where an attempt is made to relate the 
typical mass of a stable elementary particle to cosmological 
quantities [1]. If such an attempt were successful in quanti¬ 
tative detail, it would represent a profound advance in our 
understanding of both the structure of matter and the nature 
of the universe. In fact only rough estimates are possible 
and they will be made on the basis of a clear set of assump¬ 
tions : 

(i) Theories are considered which involve the fundamental 
parameters: Planck's constant (h), the velocity of 
light in vacuo (c), the gravitational constant (G) and 
the Hubble parameter ( H ). Their numerical values are 
assumed known. 

(ii) H and G depend on time, but their ratio is independent 
of time. This assumption is sometimes called the Dirac 
hypothesis, which he has taken up recently in an amen¬ 
ded form [2]. 

(iii) Particles whose bare rest mass is time independent will 
be identified with the main stable particles. 

A remark is in order on the origin of assumption (ii). 
This arises from the following idea. The ratio of the elec¬ 
trostatic to the gravitational forces between proton and elec¬ 
tron is a huge number 


2 / 2 
e /r 

Gm m /v l 
P * 


10 


40 


Let the age of the universe — or more precisely the time since 
the last big-bang — be t . From the reciprocal of the present 
value of the Hubble constant it is approximately 


~ 10 17 s. 
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One then finds that t expressed in terms of an atomic unit of 
time such as e 2 /m^c* ~ 10” 23 s is also of order 10 40 , m e being 
the electron rest mass. An empirical relation results, of the 
type (other units of time and other masses can be chosen) 

4 

r ~ e 

G 2 3’ 

tm m c 
e p 

Now the rough equality of two distinct huge dimensionless num¬ 
bers is perhaps no accident, but could be fundamental, and 
therefore valid at all times. This 'large number hypothesis' 
implies a time-dependence of G such that 

G(t) 


as assumed in (ii). 

We now start our argument by assuming that if a, 3, y, 6 
be unknown constants, then a typical mass in such a theory has 

the form 

( 

[h“tf B G Y <5 6 ] = [M£ 2 T il ] 0 ‘[r]~ 6 [M‘ 1 £ 3 r' 2 ] Y [tr' 1 ] 6 

= [M] a ' Y [L] 2 “ + 3 Y+ Vr a ‘ 8 ‘ 2Y ' 6 

where the dimensions of each factor have been written down. 

The expression has to be of the dimensional form [M ]. The ex¬ 
ponent of [ L] is zero and the exponent of [M] is unity if 

2(y+l) + 3y + 6 = 0 i.e. 5y = -6-2 


so that 


a = 1 + y 


6 2 _ 3 6 

5 “ 5 ’ 5 " 5 


The exponent of T is zero if 


-6 = a+ e + 2y = B+ C1 + y) + 2y = 3 + 3y + 1 = 3 + 1- |(2+6). 


It follows that 



APPENDIX B 


231 


A - 1 I- 

B ' 5 ' I 6 ' 


Combining these results 


rul 5 , 3-6 1-26„-6-2 56 
[M ] = n H G c 


fi 3 ff 


h H 2 G 


The masses which can occur in this theory are seen to be of 
the form 


m(b) = k(b) 


f h3 *l 

1/5 

5 I 

Q 

G 2 


h H 2 G 


(B.l) 


where b = 36 is an unidentified constant and k{b) is a dimen¬ 
sionless multiplier. In order to determine the time depen¬ 
dence of m(b ), one can re-express the tf-dependences in terms 
of a dependence on ti/G , which is independent of time. One is 
then left with a time dependence given by 

m(fc) “ G~ (b+1) / 5 . (B.2) 

It follows from assumption (iii) that the order of magnitude 
of the stable particles is given by b - -1. Treating the con- 
stands k(b) as of order unity, one finds 

m ~ m(-l) ~ (^] l/3 ~ 10' 25 g. (B. 3) 

Taking the present value of H ” 1 as 5.7 x 10 17 s, h = 

1.05 x 10" 34 J s, G = 6.67 x 10’ 11 Nm 2 kg -2 , e = 

3.00 x 10 8 m s" 1 , one finds (Fig. B.l) 

log m(b) = - 16.87 + 8.14h. (B.4) 

- 31 

The electron mass (9.11 x 10 kg), the proton mass 
- 2 7 

(1.67 x 10 kg), and the mass of the fi particle 

(2.98 x 10 kg) are also shown on the curve. It is seen 

that the stable particle rest masses do indeed cluster around 
the value b - -1. 
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FIG. B.l The main masses in the universe according to eqn (B.l) with 
k{b) ~ 1. Eqn (B.4) gives the equation for the straight line. 

Using the critical density (6.1) 

p ~ P c = , (B. 5) 

and taking the radius of the observable universe to be a hori¬ 
zon distance of the type introduced in eqn (10.30), 

r h ~ ot W = o/H > (B.6) 

the mass of the observable universe is of order 

w ~ ir p A “ -m - (b.7) 

This mass is also shown on the curve and is of order 10 56,4 . 
The equivalent number of stable non-interacting particles in 
the universe is 
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N 


m( 9) = 
m (-1) 



2.4 x IQ 81 . 


(B.8) 


This was first estimated by A.S. Eddington in 1944 by methods 
not now accepted as meaningful. 

We next consider the ratio $ of the gravitational to the 
electric forces between two particles, using the famous fine- 
structure constant 


a * e 2 /ha ~ 1/137. 


One finds 


0 


Gm 2 /r 

2 , 

e /r 


using eqn (B.3) for the value of <X>, 
2 2 1/3 

= 1 G[w(-l)r = = 1 _ 

a he a\ ^5 / a/(W) 


2.8xl0' 39 


(B.9) 


This ratio is seen to be very small. One can say, therefore, 
on the assumption of a decreasing value of G , that the ratio 
<X> is so small because so much time has elapsed since the last 
big bang. An estimate for the decrease of G with time has 
been given in eqn (6.14), and the general problem has been 
discussed at length in the literature [3,4]. 

Another important consequence of assumption (ii) is that 
it effects a connection for simple cosmological models between 
the Hubble time the deceleration parameter and G/G. For 

since G a H, one has from eqn (4.28) 


1 + «0 = h 0 = /G h 0 V 


Using eqn (6.14), one finds 


q Q ~ (8xl0' n ) (1.8*10 10 ) - 1 = 0.44 


in good agreement with observational estimates (Section 11.5). 


The analogue of the quantity a = e^/hc is 

«c X *°- 4 ’ 


(B.10) 


This is the gravitational ’fine-structure constant*. It is 
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the gravitational analogue of a with the 'coupling parameter', 

2 2 

which governs the interaction, Gm instead of e . In the 
spectrum of hydrogen-like atoms of nuclear charge + z\e\, the 
nth principal energy level is given by quantum mechanics to 
be approximately 


E 

n 



CB.11) 


where n is the principal quantum number (n = 1, 2, . ..), k is 
the azimuthal quantum number, 

4 

E n = 2®. ~ 13.6 e v, (B.12) 

0 2fi 


and m is the rest mass of the electron. Thus a affects the 
spectrum, but only its finer details because of the smallness 
of a. 

It is possible to imagine a gravitational atom bound by 
gravitational rather than Coulombic forces and then takes 

VJ 

the place of a in the theory of the spectra of such atoms. 
However, this is merely an instructive exercise since such 
atoms have not been found. In fact the 'radius' of the ground 
state n = 1 of an electron in a hydrogen atom is 

2 

~ ~ 0.53 x 10~ 10 m 
ue 


where 


m m 

U * 

m 

P 

is the reduced mass of a hydrogen atom arising from the motion 
of the electron and the proton. In fact u ~ m. The corres¬ 
ponding radius of a gravitational hydrogen atom is 

——2 = “^4 ~ 7 - 2 x 1q22 m (B. 13) 

u G Cm n Gm n 

where is the reduced mass for the motion of two neutrons of 

u 

mass m each: 
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m , 

U r = y^— = y m . 
G 2/77 2 n 

n 


This radius is only somewhat smaller than the radius of the 
observable universe 


~ (3xl0 8 ) X (S.68X10 17 ) ~ 17xl0 26 m. 

"o 

It is not expected that one will often come across dimen¬ 
sionless numbers which are very large, such as N or N ^ 2 , or 

-1 _ L 

very small such as N or N . The value of dimensional ana¬ 
lysis in fact depends crucially on this fact. 

Thus the analysis presented so far has assumed that the 
constant multipliers k(b) in eqn (B.l) are of order unity. 

None the less one finds pairs of dimensionless numbers which 
are both very large or both very small. For example, the 
radius of the visible universe is by eqns (B.6) and (B.7) of 
order 


£ GW 

H 2’ 
o 

while the Compton wavelength of a stable particle is 

h/mc. 

The ratio is the dimensionless number already met in eqn 
(B.10) : 

GMm/ha ~ 10 4 ° ~ N*. (B.14) 

Such rough identities between very large or very small num¬ 
bers are called cosmological coincidences and eqn (B.14) 
represents one of these. Their surprising nature must be 
removed by the present approach since one might otherwise 
take the multipliers k(b) to be other than of order unity. 

The coincidence eqn (B.14) will now be explained. It is 
an algebraic consequence of eqn (B.l) that 
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w(9) _ 

m(-l) 


m(3/2) 

m(-l) 



(B.15) 


The left-hand side of eqn (B.14) is 


Cm(9)m(-l) _ m (9)m(-1) _ m (9) 
hl3 [m(3/2) ] 2 m( * 1 ^ 


m(-1) 
Lm (3/2) 



(B.16) 


By eqns (B.15), (B.16), and (B.8) the left-hand side of eqn 
(B.14) is 


[ 


m( 9) 

mC-l) 


h 


N 


h 


as was to be established. Other identities can be obtained 
similarly. The mass 3/2) is called the Planck mass. 


PROBLEMS 

(B.l) Verify the expressions for m{b ) given below 


b 

9 

3/2 

-1 

-6 

m{b ) 

c 5 /GH 

(fui/G)* 5 

(ft 2 H/Gc) 1/Z 

h H/a 


(B.2) Show from the uncertainty relation A£At > h that the 

smallest mass difference which can be measured during the 
period since the last big bang is of order m(-6) [5]. 


(B. 3) 


If the masses can depend on the parameters h, H, G , c, 
and also the electronic electric charge, show from dimen¬ 
sional analysis that the masses have the form 


m(b,b') 


[ft 3 //] 

1/5 

f 5 

c 

U 2 J 


h H 2 G 


where a is the fine-structure constant. Hence show that 
the time-independent masses have the form 
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where m(-1) is the mass introduced in the text, and b' is 
an unidentified constant. 

(B.4) In a theory with electric coupling, the parameters 

h, H, c occur. Show from dimensional analysis that there 
is only one possible combination of constants which is 
dimensionally an electric charge, and that this is time 
independent. 

(B.5) 'If one expresses the age of the universe in terms of a 

2 3 

unit of time provided by atomic constants, say e /me , 
one gets a large dimensionless number t, which is some- 

3 Q 

where around 10 1 [2], 

Show that the theory of the text gives 

t ~ vVou 

4 2 

which does yield a large t ~ 10 

(B.6) Show that the gravitational radius r G of a stable par¬ 
ticle in analogy with the classical radius 

2 2 -IS 

r = e /\io ~ 2.8 x 10 m, satisfies 



r h N 


where r ^ is given in eqn (B.6). 

(B.7) The theory outlined implies that m{b) increases, 

remains constant, or decreases with time, depending on 

whether b>- 1, b = -1, or b<- 1. The number (B.8) of 

stable particles in the universe was therefore unity at 

some time in the past. Obtain an expression for the 

Hubble time t for this condition and verify that it 
P 

satisfies an uncertainty relation with the Planck energy 
m(3/2)e 2 = E p : 
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t p ~ [ft<7(tp)/c 5 ] \ Eptp ~ h 

If the present value of G were used, verify that 

t p ~ 10~ 43 s. [Cosmology as described must break down for 

t<t p . The time t p is called the Planck time.] 
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Representation of cosmological models in the density 
parameter-deceleration parameter plane 

€.1. SOME CURVES IN THE (a,< 7 ) PLANE 

One way of seeing the relationship between the zero-pressure 
Friedmann models is to represent them in various regions of 
the deceleration parameter (q )-density parameter (a) plane 
(Fig. C.I.). To achieve this, we first prove a preliminary 
result. Recall that 


(5.8): 


Ci^CpJ 3 . 

(C.i) 

(4.25): 


_ 4nGp _ C 

2 2 ■? ' 

(C.2) 



3ff 2# i? 


(4.24,4.27): 

|o 

III 

kc^ 

= a - q , X E —— = 3a - q - 1. 

(C.3,4) 


3 H 



(7.1): 


4a 6 

A* = 

(C.5) 



ecr 



It then follows that by k 3 = k , (C.5), (C.2), (C.3), (C.4), 
taken in that order. 


X = X = 9 AC 2 

kX* k 3 X* 4c 6 fc 3 


9X 4 0V* 6 


4 « 6 * 3 


9 o 2 tf 4 /? 6 7 „2 , , 

- t-7- 3 H ( o-q ) 

k <2 b 



27 a 2 {a-q) = 27 

(3o-<7-ir 

(C. 6) 


Multiplying out, 

(27a 3 fc - 27 a 2 qk) = 27a 3 - 27 o 2 (< 7 +1) + 9a(<j+l ) 2 - (<?+l) 3 . 

Rearranging, 

27a 3 (^--l) + 27o 2 q(\-Qp) + 27o 2 - 9o(c7 + l ) 2 + (<7 + l ) 3 = 0. 


This may be written as 
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(C.71 


where 


G(a,x) = 27a 2 - 9ox 2 + x 3 . (C.8) 

The significance of (C.6) or (C.7) is that, given the value of 
kX*/X 9 it assigns to each q a corresponding a. Alternatively, 
given a point in the (a, q )-plane (C.7) determines the corres¬ 
ponding value of kX*/X. 

As an example of the use of these relations, let us find 
the equation of the curve X = X* in the k = +1 region on the 
q-o diagram. By (C.7) we see at once that the required equa¬ 
tion is G(a,q+1) = 0. This is a quadratic equation in a with 
solutions 



For a real root we need q > 1/3 which leads to a 1 > 16/54 = 
0.296; but this is not permissible as it would lead by (A.3) 
to X * < 0. The least possible value of q for X * A* is 
actually q - \ when 



c? 2 is always to be rejected as it is less than q and implies 
X* < 0. Hence 

X = X* implies a = yj + yj and o,q>h- 

(C.10) 

This curve is shown in Fig. C.l, and divides regions 4a and 4b 

[ 1 , 2 ]. 

The next curve to be obtained is of the form q > F(o), 
where F(a) is the least permitted value of q if a is given. 

If q < -1 then k > 0, and hence k = +1 by (C.4). Now for 
k = + 1 and X < X* one has (by Fig. 7.2) oscillating models and 
we know that q > 0 for these [see (7.16]. It follows that 
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FIG. C.l. Deceleration—density parameter relations for various cosmolo¬ 
gical constants. M and E denote respectively the Milne and the Einstein- 
de Sitter models. A: Curve for X = -15A*, B: curve for X = -5A*, 

C: curve for X = -X*. 

q < -1 implies k - +1 and A > A*. (C.ll) 

It also follows from (C.3) that o > q. The first expression 
in (C. 7) is therefore negative and one can now find from 
(C.7) that 


q < -1 implies G(o,q + 1) > 0. 


(C.12) 


This is the required constraint. Whereas in (C.9) we solved 
G(a,q+1) = 0 for a, which yielded a quadratic equation, we 
imagine in (C.12) that a is given and obtain an inequality for 
q . This yields a cubic equation by virtue of (C.8), as will 
now be shown. Since 


3G(o,q+l)- 
Hq + 1) . 


(<7 + l) [3(q+l)-18a] = 3(q + 1) (q + 1-6a) 


is positive for q+1 < 0, G(a,q+1) increases with q. Hence we 
can first solve the cubic G(o,q+l) * 0 for q. Let the 
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solution be q* = F(a). The condition G(o,q+ 1) > 0 is then 
fulfilled if 


q > q* = ?(o) (q < -1). (C.13) 

In order to solve the cubic, let y = q + 1 - 3a. Then the 
equation for y is a 'reduced' cubic equation, i.e. a cubic 
equation without the quadratic term: 

G(o,q+ 1) = y 3 + Spy + It = 0, 

p = -(3o) 2 , t = ^ o 2 (1-2o). 

The nature of the roots of such an equation is determined by 
the values of 


p 3 + t 2 = ^_ a 2 (i-4a). 

The discussion of the various solutions is routine, and is not 
given here (see Problem (C.l)). It leads to 


F(a) = 


3a{l-2 cos - 1 


- 7/4 


(a > 1/4) 

-^r *[■ 4-a-r }<•<-> 




N 4o 
(a = 1/4) 


(C.14) 


where cp is defined by cos (p = 1 - 1/2a. This curve is also 
shown in Fig. C.l as the lower limit of the q-values for 
regions 5 and 6 [1]. 

The only other curve requiring some calculations is that 
separating regions 1 and 2a. We turn to it next. Using the 
eqn (4.15) 


•2 £ 1 . d 2 7 2 
R = p 5 XR ~ kc j 


we substitute in it from (C.2), (C.3), and (C.4) for C,\ 9 and 
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2 

ko , using values for some arbitrary but fixed time t^ 9 to 
find 

r 2 = (Vi) 2 K x + - 3 °i + <?i +i ]- 

Let y = /?//?^ and write the relation as 

y 2 = f(y) s -pi + (a 1 -<j 1 )z / 2 - SOj+^+l. 

It follows that if R is taken as zero when t - 0, then 
y - H^f{y) can be integrated to yield [3] 

Vl = (C. 15) 



FIG. C.2. A simple property of f(y ). 


The integrand increases [f{y) decreases) as aincreases in 
the range of integration (see Fig. C.2). The lowest value of 
a 1 , Qj = 0 , therefore furnishes the inequality for q > 0 


Ht < 


f 1 T ^ 2\ = — f -rT ft ■ 2\ = 7-0 sin-^-^-T 1 

0 /(g+l-qj/ 2 ) /q Jo ) * L /(1^) J 0 


where the suffixes 1 have again been omitted. Hence [4] 


Ht < h{q ) 


■k Sin ' 1 KlS?) (<? > ° } 

(C.16) 

tf^t sinh ' 1 / (f^) (o >^ > -i). 


We have used the opportunity to define a function h{q) and to 
give the integral for 0 > q > -1. For <7 < -1, h(q) is imagin¬ 
ary and the inequality fails. The form of h{q ) is shown in 
Fig. C.3. 
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<7 


FIG. C.3. The function h(q) which represents an upper limit on the present 
age of the universe in units of The curve is a plot of eqn (C.16) 

and the arrow marks the limit (C.26). 

The inequality (C.16) can actually be improved by noting 
that, dropping suffices 1, 

f(«) ^ — + (o-q) - 3a + q * 1 for q ^ a (C.17) 
y 

in the range 1 > y > 0. Integration as in eqn (C.15), but 
using the right-hand side in the integrand, now yields (see 
Problem (C.3)) 


Ht ^ j (a) for a ^ q (o > h) 


where the signs are to be taken in order and 

= 2o rTt „._-l 1 1 1 

j(C ° = (2 o-1) 3/2 L2 7 ^tJ ' 25^1 


(C.18) 


(C.19) 


The equation h(q ) = j (a) for q > 0, a > \ forms part of the 
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boundary between regions 1 and 2 in Fig. C.l. 

C.2. THE REGIONS OF THE (a,q)-HALF PLANE (Fig. C.l) 

Each big-bang Friedmann model can be represented as a point on 
the (a-q)-half plane. However, the region q < F(o) is not 
allowed by eqn (C.13) and is stippled in Fig. C.l to indicate 
this. The permissible part of the plane can be divided into 
regions which are discussed individually below. The proper¬ 
ties of these regions are summarized in Table C.l. 

Region 1 (defined by the curve h{q) = j(a) and the lines 
2a = 1 and X = 0). 

Result (C.18) holds in the part of the region in which 
2a > 1, but, in this part, h{q) < g (a) so that result (C.18) 
is weaker than (C.16). From eqns (C.3) and (C.16) one can 
put, since q > -1 throughout the region, 

** - TT^rn? <hW - <c - 20) 

which is an inequality for X (see Table C.l). Similarly, 
from eqns (C.4) and (C.16) 

Ht = -^- 5 - < h{q) (C. 21) 

{lo-q-\)HR 

since q > a, X < 0 by eqn (C.3). Also, since eqn (C.4) rep¬ 
resents a straight line of slope 3 from the point (0,-1) in the 
(a, q )-half plane at each instant, then k = -1 in the lower 
part of region 1. In fact, computation shows that k - - 1 for 
0 < q < 13.2. 

Region 2 (defined by different parts of the curves used for 
region 1). 

Result (C.18) is now stronger than inequality (C.16) and 
the region has been designed so that eqn (C.18) applies 
throughout it. Since q > a, X < 0 as in region 1. The k - 0 
line, to the left of which k = -1 and to the right of which 
k = +1, crosses this region. The inequalities for X and 

kR~ are given by eqns (C.20) and (C.21) with j (a) instead of 
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has a closed big-bang universe which cannot expand without limit. This is a 'black- 
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h(q) . The curve 3a s q + 1 or /( = 0 divides the region into 
two parts 2a and 2b. 

Region 3 (defined by the straight lines X = 0, 2a * 1, q = -1). 

Neither result (C.13) nor result (C.18) applies, but 
(C.16) can be used. It changes from the sin to the sinh form 
for q < 0. Since a > q, X > 0 by (C.3), k changes sign in 
the region as shown in the diagram, dividing it in regions 
3a and 3b. A X = X* curve exists in region 3a, but in region 
3b the smallest X value is 3A* and it occurs at the corner 
q = -1, a = h, as can be verified from eqn (C.7). 

Region 4 (defined by different parts of the lines used for 
region 3). 

(C.16) and (C.18) both apply and yield upper and lower 
bounds respectively for Ht , X , and k/R in a manner analogous 
to that explained for region 1. The curve X = X* given by 
(C.10) divides this region into parts a and b. 

Region 5 (defined by the curve a = F(a) and the straight lines 
2a = 1 and q = -1) . 

Result (C.15) applies in this region. Also from (C.3) 
and (C.4) 

<?=a- X/3 H 2 > F (a) (C.22) 


and 


<? = 3o-1 - ko 2 /H 2 R 2 > F{a) (C.23) 

2 

which give inequalities for X and for k/R . Since a > q one 
has X > 0 by (C.3) and, since the region lies below the dashed 
line of k = 0 (See Fig. C.l), one must have k = +1. 

Region 6 (defined by different parts of the curves used for 
region 5). 

Both results (C.13) and (C.18) apply. Inequalities 
(C.20) and (C.21) hold with h replaced by j and the inequali- 
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ties reversed. In addition, inequalities (C.22) and (C.23) 
hold. 

C.3. SOME NUMERICAL ESTIMATES 

Let us now assume that the upper bound for the present 
value of the density parameter is its value for dense clus¬ 
ters [6] 

0 < o Q <28.4. (C.24) 

For x = + 1 < 0 we have G(a 0 ,x) > 0 by (C.12), and this 

implies a > 2 by (C.8). Using (C.9) and multiplying by 6, 

this inequality is 

170.4 > 6a 2 > x 2 + /(x 4 - 4x 3 /3). 

This leads to -9.06 < x < 0. Hence [4] 

0 < a Q < 28.4 and q Q < -1 implies -10.1 < (C.25) 

Next, assume that at the present time 

< 18*10 9 years, > 12xl0 9 years, so that > 0.67. 

(C.26) 

One finds from (C.16) and Fig. C.3 that q Q < 2.0. 

Assumptions (C.25) and (C.22) yield 

-10.1 < q Q < 2.0 (C.27) 

It should be emphasized that the assumed numerical values are 
constantly being revised in the light of more accurate measure¬ 
ments, and that the limits (C.23) are therefore liable to 
revision. In fact, q is believed to lie in a rather narrower 
range. 

In order to obtain numerical limits on the quantities L 
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and K in Table C.l, note from (C.3) and (C.4) 

L - o-q , K = 3o-q-1, 

so that at the present epoch, distinguished by suffix 0, 


°0min ^Omax < ^0 < °0max ^Omin 


^ a 0min ^Omax ^ < ^0 < ^°0max ^Omin ^' 


It will be assumed in addition that 

-10.1 < q Q < 2 and 0 < a n < 28.4, 


0 


(C.28) 
(C.29) 

(C.30) 


values which are suggested by (C.24) and (C.27). (C.28) to 

(C.30) lead to Table C.2. In some cases knowledge of the 
signs of Kq and is a stronger restriction on the values of 
Kq and than is provided by (C.28) and (C.29). In such 

cases the numbers furnished by (C.28) and (C.29) are placed in 
brackets in Table C.2. Note that the numbers given in the 
Table are independent of the present day value (tf Q ) of 
Hubble's constant. 

TABLE C.2 

Numerical limits on L = A/3 and K = kc^/fP'R^ if (C.30) is used 


Number of 
region 


°0max 

^Omin 

^Omax 

L . 
min 

L 

max 

K . 
min 

K 

max 

1.4 

0 

2 

-2 

0 

(1.4) 

-3.0 

0 

(3.2) 

5 

* 

2 

-1.5 

0 

(4.5) 

-1.5 

13.5 


-1 


/— s 

1 

o o 

Cn 

1.5 

-1.5 

1.5 

28.4 

-1 

2 

0 

(-1.5) 

29.4 

0 

(-1.5) 

85.2 


-2.1 

-1 

1.0 

2.6 

0 

2.6 

28.4 

-10.1 

-1 

1.5 

38.5 

1.5 

94.3 

11.3 


2 

0 

(-1.5) 

10.8 

0 

(-1.5) 

32.4 


4a 
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PROBLEMS 

(C.l) Establish the result (C.14). 

(C.2) Show that for o > 1 in (C.14) 

cp ~ -l//a, F(a) ~ -/(3a). 
(C.3) Establish the result (C.18). 

(C.4) Show from (C.30) that 

-2 < < 38.5. 


-1 9 

Given H ^ < 19.4 x 10 years and that the maximum 

likely value of is twice its minimum value, show from 
the above inequality that -6.38 x lo" 35 s“ 2 < X < 12,3 x 


(C.5) With the same assumptions show that 

T< c ^ 

-3 < < 94.3 

Vo 

so that the space curvature satisfies 

2 

-0.319 x 10' 34 < < 10.0 x 10' 34 s' 2 

V 


(C.6) Show that the values o Q = 28.4, H~ Q l ~ 10 10 years corres¬ 
pond to a mass density of 10" 27 gm cm" 3 = 10" 24 kg m" 3 . 

(C.7) (i) Check that (C.13) for a Q = 28.4 yields an inequality 
q Q > -10 in agreement with (C.25) (which is based on 
(C.12)). 

(ii) If Oq = 28.4 show from (C.18) that H Q > 0.178, 
and that this is consistent with (C.26). 
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(C.8) For region 5 it is stated in Table C.l that q > -2.1. 
Deduce this result from the definition of the shape of 
the region. 

(C.9) Show that for 0 < a < 1 

F(o) = -1 - 3a 2/3 + 3a. 

(C.10) Show that if 1 Mpc ( f one megaparsec') is 3.086 x 10 24 
cm, then ff 0 = 100 km s’ 1 Mpc" 1 is 0.324 x 10 17 s 1 = 
1.02 x 10” 10 year" 1 and tf" 1 = 0.978 x lO 10 years. 

(C.ll) Suppose 40 km s” 1 Mpc” 1 < < 100 km s 1 Mpc 1 is a 

reasonable restriction on the present value of Hubble’s 

constant. Show from Table C.2 that the limits on X and 

2 2 - 35 - 2 

on ko //? 0 , both expressed in units of 10 s , are as 

detailed in the following table. 


Region 

Number 




1 

-6.30 + 0 

-3.15 


0 

2 

-4.72 + 0 

-1.57 


14.2 

3 

0 + 4.72 

-1.57 

-»■ 

1.58 

4 

0 92.6 

0 


89.6 

5 

0.504 + 8.19 

0 

-+ 

2.73 

6 

0.756 -► 121.0 

0.252 


99.1 


4a 


0 + 34.0 


0 + 34.0 


CC.12) Show that for a model universe which lies in region 4a 

3.0 x 10' 27 kg nf 3 < p < 424 x 10~ 27 kg m‘ 3 . 

[The power of ten is -30 if cgs units are used.] 






SOLUTIONS TO PROBLEMS 


CHAPTER 2 


(2.1) Since for a particular galaxy r « R « t a , y = di’/d£ « 
at 01 ' 1 and so H = q= a/t. Hence = q/t Q and 
= q/tf Q = The observed velocity — distance rela¬ 

tion is, as in eqn (2.5), 


V = H(t E )r = H(t Q -r/c)r 


ar _ a r 

t 0 ~ r /° at H -r/c m 


The density is 


N E = 


{/?( t )> 3 





The Milne equations follow from q = 1 and the Einstein— 
de Sitter equations from q = 2/3. 


CHAPTER 3 


(3.1) 


Solving r - = m \ r \ + m 2 r 2 i 


m 2 

r - R + —-— r , r n = R - —-— r. 
1 m^+m^ 2 m^+m^ 


one finds 


Substitution in the expression for the kinetic energy 
yields the required result. The first term is due to 
the motion of the centre of mass, and the system kinetic 
energy is thus decomposed into the kinetic energy of 
(a) bodily motion and (b) internal motion. 


(3.2) (i) E 


T + U 




1 



E 
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(ii) The position vector of m relative to M is 

r = a{ i cos(cot) + j sin(o)t)} 

where i,j are fixed unit vectors and a) is the con¬ 
stant angular velocity. Differentiating gives 

r = a{ j a) cos(a)t) - i co sin(co£)}, 

r = -aco (i cos(cot) + j sin(o)t)} 

so the speed is v(a) = |r| = aco and the accelera- 
2 2 

tion is | ¥ | = ao) = v (a)/a. Now |r| must equal 
2 

g(a) = GM/a (see eqn. (3.2')); therefore 

2 — 2 • 
v (a) = GM/a and T - Hmv (a) = GMm/2a . Also by 

eqn. (3.9) 1/ = -GMm/a and so F = f + U = -GMm/2a. 

The virial theorem holds with s = -1. 

(3.3) (i) The acceleration towards the centre in a circular 

2 

orbit of radius R is (i> c (/?)) /i?, and this must 
equal the gravitational acceleration g, so that 
y (/?) =/(##)• The orbital period T(/?) is the time 
taken to cover the circumference 2nR at speed 
v c (/?) , so that 

T(i?) = 2jiR/v c (#) = 2ti/ (R/g) . 

The gravitational force on a mass m at distance R 

2 

from the centre is equal to GMm/R by eqn (3.2) 
and also to mg by Newton f s 2nd law. It follows 
that g = GM/R . Substituting this into the expres¬ 
sion for T(i?) gives 

r(i?) = 2n/(ff 3 /GM) = 2n/(3/4TtpG) , 

since M = 4npi? 3 /3. It follows that T (R ) is the 
same for all planets having the same mean density 
p. Numerical values for the Earth are 
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” c (fl) = /(10x6.4 xlo 6 ) = 8000 m s' 1 = 8 km s' 1 
and 

T(R) = 2nR/v c (R) = 2ti x 6400 km/8 km s' 1 
= 5027 s = 83 min 46 s. 

(ii) Let g(r) be the gravitational acceleration at a 
general distance v from the centre. Then the 
arguments given above are valid for general r, 
with the replacements R + r and g •+ g (r) = GM/r 2 , 
and result in 

# c (i0 = S(g(r)r) = /(GM/r) = /(£tf 2 /r) [3.3.1) 

since as established above g = GM/R . Comparison 
with eqn (3.21) shows that (r>) = /2 i ; c (r). Also 

the period for distance r is T(r ) = 2nr/v (r) = 

3 ^ 

2n/(r» /GM) and so by comparison with the result of 

part (i) 

r(r) = T(R) (r/i?) 3/2 (3.3.2) 

as required by part (iii). Kepler's third law is 
the extension of this result to elliptical orbits. 

The Skylab results can be obtained as follows. 
Comparing the expressions for i> c (r) and (ft) we 
find t> c (r) = (ft)/(ft/r) . Now ft = 6400 km, 
r (Skylab) = 6800 km and i> c (ft) = 8 km s' 1 , so 

v c O) = 8 (6400/6800)^ km s' 1 = 7.76 km s' 1 . 

Using eqn (3.4.2) with T(R ) = 5027 s, we find the 
orbital period of Skylab as 
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!■(/?) = 5027 (6800/6400) 3/2 s = 5506 s. 

(iii) See proof of (3.3.2) above. 

(iv) The earth rotates once in 24 hours relative to the 
Earth-Sun line. However, this line itself makes 
a complete revolution in one year — 365 days. 
Therefore in 24 hours the Earth—Sun line moves 
through 1/365 of a revolution, so the earth has 
made 366/365 revolutions relative to axes fixed in 
space. The Earth*s true rotational period is 
therefore 365/366 x 24 hours ~ 23 hours 56 minutes 
~ 86 160 s. The value of v which gives a circular 
orbit with this period is determined by eqn 
(3.3.2) and T(R) = 5027 s; 

86 160 = 5027 (r/ff) 3/2 ; (r/fl) 3/2 = 17.14; 
r = R (17.14) 2/5 = 6.648 R = 42 54/ km. 

(v) It follows from eqn (3.3.2) that, for any distan¬ 
ces r 1 ,r 2 , 

T(r 2 ) = T(r 1 )(r 2 /r 1 ) 3/2 . 

Taking = 9300 km (Phobos) , r* 2 = 23 400 km 
(Deimos) and Tf*^) = 7 hours 42 minutes = 27 720 s, 
we find 

T (Deimos) = 27 720 (23 400/9300) 3/2 s 

= 110 635 s ~ 30 h 44 min. 

Eqn (3.3.1) can be rearranged to give 

g = r(v c (r)) 2 /R 2 = 4 n 2 r 3 //? 2 (T (z») ) 2 
using also T(r) = 2nr/v c (r ). Using /?(Mars) = 


256 


SOLUTIONS TO PROBLEMS 


3400 km and the Phobos data we find 
g (Mars) = 4ti 2 (9300) 3 /(3400) 2 (27 720) 2 km s' 2 
= .003575 km s' 2 = 3.575 m s' 2 . 


The discrepancy between this and the entry in 
section 3.11 arises from the approximate values of 
and used here. 

(vi) By eqn (3.22) the speed needed on leaving the 
Earth 1 s atmosphere is 

«(/?) = (y 2 (») + w e 2 (/?) 

Now w(°°) = (/2-1) 30 = 12.43 km s' 1 , while from 
part (i) 

t> e (fl) = /2 u c (l?) = 8/2 km s' 1 . 


Therefore 


v(R) = (12.43 2 + 128)^ km s' 1 = 16.81 km s' 1 , 
about 48 per cent higher than i> e (i?) = 11.31 km s 
(3.4) From question (3.2) one has for a circular orbit 

I wi) 2 = GMm/2r 


so that at distance /? + // = r from the centre of the sun 


TM . IZL , 2W(£) - 


2n 3/2 

71 W) r 


2^ 3/2 / »N 3 / 2 


7[gm ) 




•i) 


H being the distance from the Sun to the earth. 

This result can also be obtained from the solution 
given to problem 3.3 (iii) 
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/ \ 3 / 2 

T(r) = T(i?)(Jj 
Evaluating this numerically 

(i) 


2n • 


3/2 

"14.98 x 10 10 " 

) 

6.995 x 10 8 J 


3/2 


= (216) 3/2 = 3182. 


Hence 


TO) = 


2n x 18.34 x IQ 12 x 3182 

✓(1.329) 10 10 x 60 x 60 x 24 


days = 368 days 


(3.5) (i) MO) = J £ 4nr 2 dr = 2nk 


O' 


-a 2 ) 


(ii) 70) = - GM(r)/r since each shell acts as if all 
its mass were concentrated at the centre. 

(iii) Each element of mass 6m is moved from <» to r. At 
infinity its potential energy is zero. At r it is 
70) 6 m. The change in potential energy 6£/0) - 
6£/(°°) = 61/0) is the work done against the field. 
Summing over the elements 6 m which make up the 
thin spherical shell of mass dMO) = (k/r) 4ur dr 
yields the change in potential energy E6I/O) 3 
70) 26 m. We write this as df/(r) = 70)dM0) = 
-dV(r) , where df/(r) is the work done by the field 
in producing the condensation of the thin shell. 


(iv) jdv(r) = - | 


rb 2_ 2 

V(R ) dA^(r) = 2 kG -——• 4nkr dr 

a** 


8ti 2 ?; 2 G f ,3. 0 3 , 2,. 
-s- (b + 2a -3a b) 


Now b 3 +2a 3 -3a“b = (b-a) 2 (b+2a). Therefore 


jdVO) = 


2 

—=— (b-a) (b+2a ). 


4ti/c 2 (b 2 -a 2 ) 2 ' 


the last factor being just unity. This yields the 
stated result. It is positive because force and 
displacement are in the same direction for the 
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whole process. 

(v) The work done by the field is 


I/O) 


U (r) = | d W(r) 
£/(°°) - | d W(r) 


2 qm 2 

5 (b+a) 2 



This is negative because gravitating masses tend 
to condense spontaneously from infinity, where the 
potential energy is zero; the later this collapse 
is stopped the more negative the potential energy. 


(3.6) (i) We have, on adding a layer of thickness 6r, within 

r + 6r a mass of 


4ti 

3 


(r+6r) 3 [p+6p] = 4^r 3 pj^ 1 + 3^+^j 


This mass is also m + 6 m, i.e. 

4 Ttr 3 . . 2 j 

—=—p + 4nr o dr. 


Equating, 

4nr 2 p dr + ^r 3 dp = 4nr 2 a dr, 
which is the required result. 


(ii) We have -g{r) = = 4n so t hat 

r r ^ 


2G 

3 

r 

8tiG 


_d£ _ _ 2 Gm G_ dm 

Hr 3 2 Hr 

r r 

4n 3 A G F a 2 4ti 3 dp 

T r p + — 4ltr D + — r 37 

r L J 

4nGp + ^-Gr^ 


4 UG 
3 


, dp 
p + r Hr 


| = 4nG(a 


§P). 
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(iii) 



r 


At the surface g increases with r since 

o - |p = 3.3 - 3.68 < 0 

So the numerically largest value of g(r') is 
expected inside the Earth (see sketch). 


(3.7) For the neutral point x 


E 

(£>-x) 2 


+ 


A 



A, 


where the masses of Earth and Moon are denoted by E and 
M respectively and GA is the gravitational field due to 
the sun. It follows that 



2 


x 









260 


SOLUTIONS TO PROBLEMS 


Hence 



is the equation for x. Its solution is 



We have E/M = 81, and 


x_ _ _8_ J_ 
D 80 10’ 

so that x = 3.8 x 10 4 km. 


CHAPTER 4 

(4.1) Let a y b be two arbitrary galaxies which are at some 
time t* at equal distances from the origin 0. Then 

* a (**) = r b (£*), i.e. 5(t*)r a (t 1 ) = R(t*)? b (i^) . 

It follows that r (t.) = r, (t-), so that 
a k 1 J b v 1 J 9 

r a (t) = r b (t) 

at all times. Since two galaxies are at the same dis¬ 
tance from 0 at one time only if they are at the same 
distance from 0 at all times, there can be no overtaking. 

(4.2) For constant q , one integrates -R/R - qR/R to yield, if 
A is independent of time, 

-InR = Jin/?* 1 - Jln/J. 


Hence 


R = AR~ q , H = A/R q+1 


(<? * -1) • 
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Integrating again for q = -I between and t where 


= 1, and noting H - A , 


£n/?(£) = 


Integrating for q * -1 from t = 0 where /?(0) = 0, 
* q+1 - («♦!)**. - x^TJt- 

(4.3) We have 


r 2 = § + \ r1 ■ fec2> 


if = ——2 + 


find 


^ 3 + 3 

rj2 C 

-qH =-= 

2h 


2 , a' 1 . 

ff" 1 respectively to 

2 9 

(4.3.1) 

R 


•i. 

(4.3.2) 

X 

3 * 

(4.3.3) 


as required. 

(4.4) Equating (4.3.1) and (4.3.2) and also (4.3.1) and 
(4.3.3) yields 


R i 2 R* 


and 


= «M)# 2 . 

R 


Also adding to eqn (4.3.2) multiplied by 2 first (4.3.1), 
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and then (4.3.3), yields 




(1 -2q)H 2 * ^ 


R 


X 


{Q-2q)H 2 . 


Lastly subtract (4.3.2) from (4.3.3): 



2 R 


One sees that k > 0 for Q > 1, k < 0 for Q < 1. For 
X = 0 one has that Q = 2 q. Hence for such models k > 0 
for q > and k < 0 for q < h- 


CHAPTER 5 


(5.1) £ r is known to be 2-(n+1) , and for large n this yields 

1 L 

2 n 2 n 

n /2. Ir is z-(n + l) (2n+l) and for large n this yields 
1 D 

3 

n /3. The main contributions to these sums comes from 


the large values of n when the interval between n and 
n+1 is much smaller than n, the term to be added. Under 
these conditions the sum due to the large n-values is well 
approximated by an integral. This approximation is poor 
for the small n-values, but their contribution is negli¬ 
gible anyway. One therefore finds 



large n. 


1 



1 


Ylr 

(5.2) ~ Jr a dr* ~ a+T”^ ^ 0r l ar 8 e n anc * ^ or > 0. 
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n 7 

"5.3) y - l J Inr = Jlnr dr = (r £nr-r)” ~ n Inn-n for 

- 1 I 

large n. It follows that for large n 


e y = e 1 


\lr\r 


_ i o t i n &nn -72 , / v 72 

= 1.2.3 ... n = nl = e e = ( 72 /e) . 


(5.4) We chose the time where the scale factor is unity. 
Start with a spherical shell of particles whose total 
mass is d m(X) 9 as given in eqn (5.1). These particles 
are affected only by the mass M(X ) within the radius X. 
This matter gives rise to a gravitational potential 


cp(*) 


_ GM(X') 4ti v 3 G 

x " 3 A p o;r 


Hence the contribution of the spherical shell to the 
total potential energy is 


d U{X) = cp(*) dm{X) 


-X*V* 4tU: 0 d *o 


!6lX r 2 y 4 1 y 

3 Gp 0 X 0 d *0‘ 


(5.4.1) 


The reason for the first expression is that each element 
of mass dm can be imagined to be moved from infinity to 
the surface of radius X. At infinity its potential 
energy is zero. At the surface it is cp(AT) dm. The 
change in potential energy is <p(;0 d/77 - 0 = cp(*) dm. 
Applying this reasoning to all mass elements of the spher¬ 
ical shell of mass given by eqn (5.1), one finds 
dU(X) = cp(y) dm (X) . The expressions (5.4.1) can now be 
integrated. One then finds the contribution to the total 
potential energy from all spherical shells at time t Q 

W = -TT^Vo- (5 - 4 - 2) 


At a general time t the potential energy y_(£) = -B/R 

b 
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introduced in Section 4.4 behaves as 1/J?(t), so that 

v G (t) = v G (t 0 )/5(t). 


Hence 


B = -V G (t 0 ), 

and this establishes the required result. 


CHAPTER 6 

(6.1) Use eqn (4.25) to find the density parameter as follows: 

C 


o = 


C C 2 u 6 a 3 


~ .,2 n 3 2 61 3 <• i 2, 6 

2H R c k (1 -u ) u 


where eqn (6.17) has been used. Since a - kc /C, one 
finds 


2(1-u ) 

This is q by (6.20). Thus o - q, as expected from 
(4.24) with X = 0. 

Lastly, consider eqn (4.27). On the left-hand side 
we have 

7 2 0 2 n 2 6 2 
kc 7 2 a C u u 

= kc •— r - 


2 2 

ir/r 


4 7 36 ri 2>. , 2 

w c (1-M ) 1-M 


On the right-hand side we have 


3a - q - 1 = 2q - 1 = 

1-u 


thus confirming (4.27). 


(6.2) Near the big bang r and R are small so that u < 1. In 
that case 
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/( 


u ) = ^ ^ {sin~ l u-uS(l-u 2 ) } 


/(I-u ) f .1 3 A 3u ^ ,, 2-,%, ■ 2 

——r^-{“ + 7T“ + nr + - • •-«(!-« )’) t t . 


H = 


. eV' 2 o 2 k 3/2 C Z/2 


Cu' 


C T^W 77 " * 3/2 


t = ^r 1 4 I ^5- 50 that ff 4 A 

For small u, q ~ 1/2 by (6.20). Lastly, substituting in 
9 2 3 

jCt /R =1 the expression 

C - -J^Gp(£)i? (£) 


from (5.9), one finds the required result 
6nGp(t)t 2 = 1. 

• o r 1 9 

Alternatively use the equation= - 5 - + - kc 

R m o 

which for small R leads to the analysis of R - C/R as in 
the Einstein—de Sitter model. The results stated follows 
then immediately. 


(6.3) Use the formula 6nGpt = 1 with 


t = t Q = 3 X 10 17 s 

_ O 7 1-2 

to find (in cgs units with G - 6.67 x 10’ cm gm’ s’ ) 

1 10 8 1 -29 -3 

P n = 7T~i - - T 7 - 9 ~ 0.88 x 10 z gm cm * 

0 6n 6 ' 7 (3 x lo 17 ) 2 

(6.4) By (6.9) with ff* 1 = 3 x 10 17 s, 


p c = 7—T2 


8nGff 0 ‘ 8ux6.7xl0 U x9x10 34 


= 1.98x10' 26 kg m' 3 


= 1.98xl0' 29 gm cm' 3 . 
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(6.5) The equation of motion is 
x = - GM/ x 2 , 

Integration leads to 

x 

where the constant of integration, A, is zero since 
x = 0 at x = °°. It follows that 

/x dx = /(2 GM) dt. 

Integration, subject to x = 0 at t = 0, yields 

3 _ 9 nu .2 
x - -jGM ~t 


i.e. 2xx = -2 GMx/x 2 . 


2 GM 


Clearly as x -► 0, x -► 

The problem corresponds to a cosmological model with 
k = 0 = i.e. the Einstein-de Sitter model, provided one 
makes the identification 

x -► the scale factor R 

2GM ■* C = 

(6.6) (i) The equation of motion and its integration proceed 

as follows 

mx = -GwM/x 2 , 2 xx = -(2GM/x 2 )x, x 2 = 2 GM/x + A . 

The velocity vanishes at x = Xj, i.e. 

A = -2GM/x 1 = - 2GM/x q . (6.6.1) 

The energy equation can be written in various ways. 
The form 

•2 2 GM A 2 2GM 

x = - + - - 


x 


( 6 . 6 . 2 ) 
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shows that the particle will travel to x = 00 
Pq > 2 GM/Xq. Then xof (6.6.1) is negative and 
the particle will never reach this coordinate 
value. 

(ii) If x/x 1 = sin 2 w/2 then 


• = d u' _ x _ 

dx x XjSin(u/2)cos(w/2)* 

Also a form of the energy equation is 

•2 = 2GM( X \ ,\ _ 2GM\ cos (k/2) 1 2 
U / Xj [sin(ii/2) J • 


(6.6.3) 


Hence 


^ _ /(2£Af) _ 1 _ a 

x^ sin 2 u/2 sin 2 u/2 

as required, and the energy is 


(6.6.4) 


(iii) 


E 


■jmx 


GmM 

x 


Take x ^ > 0. Integrating 
straint that x - 0 (i.e. u 


GmM 

x i' 

(6.6.4) with 
= 0) at t = 


(6.6.5) 

the con- 

0 , 


(2 GM). f“ . u , lf“ ,, 

y— t = Sin '2 = 2 * (1-cos w)dw 

*1 0 0 


1 

2 


(w-sin 


«) 


= £ - sinj /(1-sin 2 j) 


= sm 


-1 




)■ 


The time t for a complete cycle is given by 
a(t+x) » at + 2ti, where a 2 = 2 GM/x^. Thus 
x = 2 Tt/a. 

Note that for x^ > x > 0 we have x >0. 

At x = Xj we have x = 0. If x > x^ there are no 
solutions for x by (6.6.5), so that x decreases 
again after reaching the value x = x 1 . It 
approaches x = «> at x = 0. 
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(iv) Take x < 0. 

Now x 2 is always positive by (6.6.5), and 
the particle goes to infinity. From 


a = sin ix = i sinh x = i b, sin _1 (ifr) 9 = ix = i sinh 1 b. 


Hence if v is real then we can put u - iv and 



x 



. 2 
sm 


iv 

2 


-sinh 2 


v 

2 * 


Also 


Hence the result of (ii) becomes 


-i Um-t = i(iw-sinh v) 

|x,| 3 2 

!inh ’ 1/ (l^'0 ' i/ ( l 5 L, M 1+l 57 l ) 


= i sir 


from which the desired relation follows. 

(v) From (6.6.5) one sees that problem (6.5) is recov¬ 
ered when x 1 ■* °°. 

The equation 


•2 _ 2GM_ = 2 E= 2 GM 
x x m x j 

shows that the analogy is brought out by the 
replacements 


2 GM ■* C, ko 2 ■* --E = 

m x 


2 GM 


The case x l > 0 corresponds to k - 1 when one has 
an oscillating universe. The case x^ < 0 corres¬ 
ponds to k = -1 when one has an expanding universe. 


(6.7) If k * 0 and X < 0, 
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*(t )3 = [ 77 x 7 ][1-cos(^{3|X|)*)1. 


It follows that 


H 


3 R 2 R _ [ 3C/2|X| ]/(3X)sin(/(3|X|)t) 
^3 ' TI"3C/2 | \ | ] 1 1 - cos (V(3 | X | ) i) ] 


_ X sin(/(3I x \) t) 

3 1- cos(/(3|A|)£)* 

For small t this yields the Hubble constant for the 
Einstein—de Sitter model: 



A3|X|)t = 2_ 
h 3|X|t 2 3t 


Also one has after two differentiations of the equation 
for i? 3 and multiplying by l/6RR^ f 


1 _ , 3£ cos[/(3|A|)t1 

2C * A *2 


RR 


By eqns (6.30) and (6.36) 


RR 2 = C - £(1-cos(/(3|A|) ) = |[l +C os(/(3|X|)t)]. 


This yields 


<7 * 

For small t , q = 


2-cos(/(3|X 

)t) 

l+cos(/(31 X 

)t) 


(6.8) Replacing the density parameter a by zero and k by -1, 
eqns (4.24) and (4.27) to (4.28) are 

2 

-« = (!+<?)#■, H 2 q = -X/3, (q + l'jH 2 = 2_. 

R Z 

o 

In these equations we shall use, with a = |X|/3, 


H = a/tan at, q = tan at 9 R - (c?/a)sin at. 
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Then 


-H = —- "2 - = H 2 ' U + <?) . 

tan at cos at 


as required. 
Lastly, 


2 2 

, ,^„2 1 _ * 
(q+l)H = - — - 72 - 


cos at tan at R 


also as required. 


CHAPTER 7 

(7.1) For R large enough, R 2 = (A/3)/? 2 , so that 
| = /j, fl(i) = flCt^expJ^/l (t-tj)j 
The Hubble constant is 


H = £ = 

" /? 3 ’ 


A 1 /?/? 1 

Also q = --y = -1 . 
R* 


(7.2) For small enough times the C/R- term dominates, and 

S 2 - » 3 - Jet 2 

if /? = 0 at t = 0. It follows that 
* = <? - *• 

(7.3) By eqn (7.4) with a = 1 and jc = 1 + d, |d| < 1, 

a = a(—i—=-+i+©) = ea = u 2 o. 
v (i+ar 1 

This equation has the general solution 
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a = 4e yt ♦ Be- Vt 
Similarly eqn (7.3) yields 

a 2 = = B(2(i-a)+i+2a+d 2 -3) 

so that 


• 2 2 2 2 • 

a = = u a , a = ±u&. 

Substituting our general solution into this, we find 

Ae vt - Be~ vt = ±(Ae vt ♦ Be -11 *) 

Hence 4 = 0 or B = 0, so that one has either an exponen¬ 
tial rise or an exponential decay of d, and hence of 
(#-/?*), with time. The possibility of an exponential 
rise means that an initial small departure of R from the 
static value R* in any direction can lead to an increas¬ 
ingly large departure in that direction, and in this 
sense the static model is unstable. 


CHAPTER 9 


(9.1) If u = 0 in eqn (9.1) one has 


•• 4tl 

R = ~GpR + jXR. 


Multiply by 2 R and integrate to find 

r t 


R 2 - (fl 2 ). 




pfl d R + ±R 2 - 


as required. 


(9.2) If one replaces G by G^ in eqn (9.80) and equates to 
the relativistic result (9.12) one finds 
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Multiplying by 3 / 811 ( 7 , 


pR 2 - (pR 2 ) t 


2 



and the result follows. Thus the energy equations for the 
two theories do not agree, but the difference can be 
removed by introducing an 'effective' gravitational con¬ 
stant . 

(9.3) For zero pressure models eqn (9.8) holds, i.e. there 

exists a constant a such that p = a/?" 3 . Hence eqn (9.31) 


yields 


a 


a 


G, 


N 


R 


2 


R 


G 



1 . 


R 


2 


2 

(9.4) (i) The energy eqn (9.5) is, with p = gc p. 


R 3 dp + p d R 3 + gp d R 3 = 0, 


and this may be written as 


^ i.e. d[In p] = -d[ln R 3 + 3g ]. 

p R* 


This shows that p/? 3 + 3 ^ = A (say) where A is inde¬ 
pendent of time. 


(ii) Substituting this result in (9.31) 
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A 

R 2 1+3 * 


A 

B 1+5p 



d R 


1 + 3 g. 


(9.5) (i) We have the total differential of G , using the 

second law in the form (9.20), 

dG = dU + pdV + Vdp - TdS - SdT = TdS + Vdp - TdS - SdT 
so that 


dG = Vdp - SdT. 


It follows that 

jll. = _a_T(3£) 1 = -LT(1£) 1 

3 P 3r 3 r L\3p/yJ * 

Hence 

(lf) v = (If),,- 

(ii) From the second law for quasistatic processes 


dU = TdS - pdV. 


Hence 


(M\ 

\zv) 


dV + 

T 





pdV. 


The coefficients of dK must be the same on both 
sides of the equation, so that using the result of 

(i) 


{lv) T + p - KaiOy " Ktr)/ 
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(9.6J We are to solve 



• • #), • 


in the 

form 



U = V~ 9 f(z,T ), z = TV g 

where f 

is some function of z and T . 

Then 

(«),- 


a>\a> 

II 






The equation for U is therefore 


" ■ r (H) r * " • KH) t - 

This requires that the function f be independent of T if 
z is kept constant. It follows that UV g = /(z). 

One may show similarly that if U = V~3f{z,V) then 
the function / must be independent of V. 


(9.7) For any simple fluid 

* ■ («)« * (f)/* 

• («),[(©* * (H) “] * (S)" 

■ (If)/’ * [(«),(«), * («)>• 

Hence 

/ 3 £/\ (dU\ _ U\ (<)V\ 

\ZT) p ' \ZT) V - \Zv) T \ZT) p - 


For an ideal classical gas the right-hand side vanishes by 
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eqn (9.23). 

Now for any simple fluid one has by eqn (9.25) 


■ (ID, * KID, 

• ml * iml * 'Kid • 


But 


= ) 

V3 Tj’ 


and this proves the result. 


(9.8) Use pV = gU, TS = jU in eqn (9.20): 


dS = id V + |dV = jjjdU + ||dV = |d(tn UV 9 ). 


Hence 


In S 3 = £n VV 9 + n jX 0 ' 1 
where the last term is a constant of integration. 

UV 9 = S 9 /jX 9 ' 1 . 


Using eqn (9.19) 


/(2) = S^/jX* 7 ' 1 . 


Hence from eqn (9.21) 


It follows that 


7 *o«7 ” 1 

d/(s) = ^ dS = zdS . 
3 X 3 ‘ 


5 = X. 1 '^-”, 


Hence 


so that 
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f(z~) = 

«7 

4 

For black-body radiation eqn (9.32) shows that j = so 
that /(a) a in agreement with eqn (9.31). 


(9.9) The energy of the system consists of rest energy plus 
thermal energy and is by eqn (9.28) 

9 2 p m v 

U = N m„c + C..T = N m n o + 

m 0 7 m m 0 y-1 


l. e. 


2 

n m n + C ir T /Vo = w m n + —~- 

m 0 7m' m 0 _2 


(y- 1) 


Substituting in eqn (9.42) yields eqn (9.43) with a = 0. 

Hence, since n R N is time independent, 
’mm r 

n R 5 k d T xd 2 

-T 2 -t# + n kT =0, 

o 2 ( y-1) d/? C 2 m ™ 


so that 


and 


d V dg . 3fY-n 


T is time-independent. 


Put c~ 2 C„T = CVR~ 3y : then C is a constant and 
7 m ’ 


= W j 

P|n fl 3 /? 


£_ 

3y 


m C • /• r / 7 1 

7 7 lt Y 5/3 J- 


This generalizes eqn (9.44) for dust by adding a term 
(9.46) due to pressure. 


(9.10) In this case 


2 2 
p7 = gU = #(p7-ffm 0 )e , i.e. p = ^(p-n^ Q )c . 


Eqn (9.42) is 
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af + ir2 ° + = °- 


Consider the variable y - qh - A y where ^ is a constant 
to be chosen). The above equation for p becomes one for 


a r , a m~nR ~n 

& * f-] ‘ «■ 


If one choses A - m Q ni? , which is a constant, the equa¬ 
tion for y is 

d y ? dR . _3 g . 

-rf = -3a— i.e. wi? y l 




z/tf y is a constant. 


Thus 


P = 


n o (nfl } c 


fl 3 *3(* +1 ) 


where C is a constant of integration. It follows that 

2 , 
qc 

s Jf 

and 


p = gio-nm^c 2 - 


(p-«m 0 )i? 3(fl,+ 1) = C. 

The left-hand side is a statement about the internal 
energy U of the system (in excess of the rest mass- 
energy), namely that the following quantity is a constant: 

yV 9 * 1 = UV 9 . 

By (9.22) this states that the entropy of the ideal quan¬ 
tum gas is a constant. 

(9.12) 


= 10 30 gm cm" 3 = 10~ 27 kg m" 3 


= - 2_ r 4 
2 1*0 


7.564 x 1Q~ 16 x (2.70) 4 

(2.998) 2 10 16 


= 0.447 10 


-30 


kg m 


-3 
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Therefore 

(9.13) (i) By (9.33) 


p /p 2.24 x 10°. 
mo ro 


« = 0.3702 aT*/k = ^Z02m641xl0:l^(2^a 4 

ro 1.3806x10 

= 1.08xl0 9 m" 3 . 


- 2 7 - 3 

The number of nucleons, based on p ~10 kg m is 

* mo & 


10 


■27 


m0 1.67x10" 27 


= 0.599 m . 


Hence 


— = 1.803 x 10 9 . 
n 

mo 

6 U 6 T 

(ii) From eqn (9.31) U « T , so that = 4-^—. 

r r r r 

The radiation energy per nucleon is 

. 0 , -4473xl0- 5 «x2.9979 2 xl 0 ^ _ 4 . 189xl0 S ey . 
n rao 0.599x1.6021xl0" 19 

The energy to ionize a hydrogen atom is 6= 

13.6 ev . Hence 

67 i , , 

-y 1 = t - 1 ~ 6 -g = 8.116 10" 6 . 

r q 4.189 10* 

(9.14) Subtract eqn (9.22) from q times (9.20) to find 


qK - qL - q - L = 2 qo - q - a - 3 go. 


so that 


qK - (q+l)L = [2q-?>g-l)o. 

(9.15) A combination of a times eqn (9.22) less 3 times eqn 
(9.24) yields 
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(a-(3)# + aL - 3# = aa - 3 + (#a-3-3#) 3a. 

Take a = 3(1+#), 3 = 1+3# when the right-hand side 
becomes 

3o + 3#a - 1 - 3# + 3a(-1-#) = -(1+3#). 

The left-hand side is 

2# + 3(1+#)L - (1+3 g)K. 

The result follows. 

(9.16) Since by (9.14) and (9.18) 

C = 8nGpfl 3 /3 
a = 4rtGp/3tf 2 

the required result follows at once. 


CHAPTER 10 

)2 K 

(10.1) If s = 1 then FCVj,v 2 ) = J ^dx = K{ log g (v 2 )-log e (Vj)} 

V I 

= K log e (v 2 /v 1 ). 


From eqn (10.11), therefore, 


A 


1 °g e (v 2E /v lE ) 

1 °g e (V 20 /V 10 ) 


1 


because from (10.9) V 2 E^ V 1E = v 20^ v 10* also 

implies f * 1 for s = 1. 


( 10 . 2 ) 


(a) From (A.23) and (1C.29) the Milne model has 


(l+a)tf E 


at. 


^V 2r 


}• 
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(10. 


Hence (10.31) is 


A? . 

f 0.5et . 

= 4 JiN r 

total 

0 J 

or if x = r/ct u 
H 

0 

and u = 0.5 - x, 


3 r 0 - 5 

= 4Ttff 0 (ot H ) j 

total 


0 

3 (0.5 

= Tl V*V \ 


Ct H l 2 


Near u = 0 the integrand behaves like 0.25/u and the 
integral diverges. 

(b) From (2.8), (2.9), and (10.29) the steady-state model 
has 

/I +r/ct 

d +2 ^ E = ( 1+2 )^o = V 


Hence (10.31) is 


r H ,1+r/ct 

N * = 4ntf n r - 7 —r—) dr 

total 0 J Vi -*/ot ) 

0 

= 4n^ 0 ( C t H ) 3 J dx 

0 

= 4^^) 3 j 1 (1- U ) 2 dw 


w o (8 V 3 j' (I)* dw 


= 8/2 ** 0 (e* H ) . 

3) We can take = 0 since the steady-state model has no 
natural origin of time. Then the equations of motion are: 
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= a + Hr for 0 < t < t , 
at rp 

4 ? = -c + Hr for t < * < t, 
at rp 1 


and the boundary conditions are 


(10.3.1) 

(10.3.2) 


r = 

Consider 


0 at t - 0 and at t - t^ 9 r = r* G 
(10.3.1) and define a variable 
«=r+|=r+ct H 


at t 


t . 
rp 

(10.3.3) 


(10.3.4) 


Then from (10.3.1) 


which 

u 


d u 

dt ” 

has the general 

. Ht , 

= 4e and so r 


= Hr + c = Hu 

solution 

= - ot for 0 < t ^ t 

H rp 


(10.3.5) 

The boundary conditions r - 0 at t - 0 and r = r^ at 
t = together with (10.3.5) give 

A - ot „ and = ct„(exp(//t )-l). (10.3.6) 

H bn rp 

In the same way, defining a variable w = r - <?t H 
reduces (10.3.2) to dw/dt = and gives the solution 

r = for < t < £^ . (10.3.7) 

The boundary conditions r - r_ at t = £ and r = 0 at 
7 G rp 

£ = £j together with (10.3.6) give 


£ = -<?£., exp(-tf£.,) and r r = <?£„{ 1 - exp (#£ )exp(-£t )}. 

H 1 b ri rp I 

(10.3.8) 

Now introduce the variable x = r_/ct u . (10.3.6) gives 

b H 

exp(£t r p) = 1 + x and substituting this in (10.3.8) gives 
x = 1 - (1+x) expf-fltj), expC#^) = (1+a;) / (1 -x) , and 
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finally = t H log^C(l+x)/Cl-aO }. Since we have chosen 
= 0, (10.56) is in the present case 

ct. ct 

d T • - -f log e {(l+*)/Cl-*)>, 

as required. 


CHAPTER 11 

2 

(11.1) Model SC has r = ct u z and so d. * ct u 3(l+s) . 

ri L rl 

Model MC has r = ct„a/(l+a) and so d- et„3(l+3). 

H L H 


Model EC has r = Ict^z /(2+33) and so 
H 

<f. = et„3(l+3) 2 /(l+1.5z) . 

L H 

Model SSR has r - ct H 3(2 + 3)/{(1 + 3) 2 + l} and so 
d L = (2 + a)(1 + a) 2 /{(1 + a) 2 + l}. 


Model ESR has r = 


2ct u 3(2 + 3)/[(l+3) z + ll 
H 

2 + 33(2+2 )/[(l + 2 ) 2 + l] 


ot„z ( 2+z ) 

H 


2+2s+3+l.53(2+3) 


c?t u 3 (1 + 0.5s) 

H _ 

1 + 2.Sz + l.25s 2 

and d 2 = (l+s) 2 r. 


(11.2) For model MC, eqns (11.36) to (11.39) imply 

II' = [ L dx 

i o-*r 


and also 


+ 


v 1 

Q 1-X* 


1 + 3 


1 






SOLUTIONS TO PROBLEMS 


283 


so that 


N' = f L = f 1 L L- « 1 2 . 4 “ (u = i- x) 


0 l-i L “ 


r<■ 


-4 0 -3 - 2 , a 

2 u +u jdu 


l-x T 


. J_ + 1 -1 

3u 3 u u 


1 -x. 


'3 + 


3(1-x l ) 3 d-^ L ) 2 1 -* l 


3(1-x l ) 


- -j {-(1 -x l ) 3 + 1-3(1 -x l ) + 3(1 -x l ) 2 } 


3(1-x l ) 


3 ’ 


as required. Also from eqns (11.36) to (11.40) and 
z = v/Cy 


S' = (l+3 L )- 4 /x L 2 = (1 -x l ) 4 /x l 2 . 


For model MSR, eqns (11.36) to (11.39) imply 


L 2 


N' = f — 
J M 


d + «) 


(l-2x) 


3/2 


dx, 


and also 


n . _ Jl+u/er _ 1 

1 2 = 71^' 


( 11 . 2 . 1 ) 


"I 


' L x 2 dx 


I 1 


(1-u) dzj 


o 1 -L l «» 2 


so that 
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( 11 . 


i I 1 


(u" 2 -2u’ 1 +l)du 


1 - 2x, 


-2 In w+w) 


1 - 2x v 


+ 2 iln(l-2x L ) - (1-2x l )|, 


- 1 / 1 
8 

as required. Also from eqns (11.40) and (11.2.1) 


S' = (1-2x l ) 2 /x 2 . 


For model SSR 

1 + s 


f i +v/c \^ _ r i+x \^ 
\l-v/c J \T^f 


so eqns (11.37) and (11.39) imply directly 

x r 
N 1 


\ * 2 dx 


and eqn (11.40) implies 
r 1 -x 


••-QK’-fe} 


X L +X L 

3) Substituting (11.8) and (11.10) into (11.47) gives 
N(S) = 4 ncN Q | (j^ (exp(fft E )-l) 2 dt £ . 


Since for this model H - H^ - l/t H , we can introduce the 
variable x = t„/1.. to give 

c H 


r° 

N ' = 

X L 

-r 


(e x -l) 2 dx (x L = t^/t^) 


{e 2x -2e x +l} dx 
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/ 2x \ 

- (v- z «S 

X L 

= -1.5 - -T=- + £ + > 

2u w 
-x, 

as required, if w = e = exp(-t L /t H ) = exp(-tft L ). 
Substituting eqns (11.9) to (11.11) into eqn (11.49) 
also leads to 

S' = {exp (-tit )}" 2 {exp (-Ht )-1}" 2 = w~ 2 (w- l)’ 2 
I j L 

as required. 


(11.4) From eqn (11.15) 


8 = 1 - <w 


1/3 


Using this and eqn (11.13), eqn (11.48) becomes 


N{S) = 4neAf 0 (3ct 0 ) 


3 j*° U-( V V 1/3}2 dt E 


, . 1/3. 2/3 

3ct 0 *E 


Introducing y = (t E /t Q ) 1/ °, so that dt £ = 3 t Q y 2 Ay, 
this becomes 


tf(S) = 4nff Q (3ct 


0> S f 


{l-y) d y 


and since 3 at. = 2et u for Einstein—de Sitter models, we 
U H 

have 

K' = 8 | (1 -y} 2 d y = |(l-t/ L ) 3 . 

^ L 

From eqn (11.14) #(£_) = 2<?t u . Using this, eqn (11.15) 

U H 

and the equation following (11.15), eqn (11.49) implies 
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S' = 


(l-s L ) 


<W 


4/3 


4(l-(t L /fc 0 ) 1/3 ) 2 




as required. 


(11.5) The integrand in exjn (11.39) is to be multiplied by 
S = 4/(<?t H ) 2 x 2 (l+s) 4 and the upper limit extended to a 
'horizon' distance or maximum distance x h = 1(MC) or 

2/3(EC). For MC, using z - v/c and the results of ecns 
(11.36) and (11.37), we find the total incident energy as 


E 


4n4 V* h 


4 tU V*h 


r 

o 

r 


_dx_ 

(l+z) 3 (l-x) 3 


dx = 4nAN ct^ 
U H 


and so r(equiv.) = 1. 
Similarly for EC 


E = 4 AN 0 ct H j 


r 2/3 


dx 


(1+z) 3 (1-1.5x) 2 


and so 
r (equiv.) 


= [ 2/3 __ 
J Jl- 


dx _ = f 2/3 (1-1.5 

i f 1- 0.5x\ 3 ri , c ,2 i (1-0.5x) 

0 \ i-1.5x j 0 


5x) dx 
3 


_ 2 _ 6 
2 ' u 


=0.5 (u = 1 - 0.5x). 


2/3 


(11.6) The same procedure is used here as in Problem 11.5, but 
with x h = l(SSR) and 0.5(MSR), and with 1 + z = 

For model SSR, using eqns (11.36) and (11.37), we find 
E = 4nAN at f — 

0 “ J d + 3) 3 


so 
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•(equiv.) = f 1 —^-3 = j 1 fe ) 3/2 dz = 0.2876. 
J (l+a ) 3 ' 


0 0 

Similarly, for model MSR we find 

r 0.5 


E = 4ti AN 


r U . D 


do: 


(1-2x) 3/2 (1+2) 3 


r 0.5 


= AnAN^ct^ j dx = 2nAN G et^ 


so that rfequiv.) = 0.5. 


(11.7) In model SGR the total energy incident on a sphere of 
unit cross-section is found by multiplying the integrand 
in eqn (11.47) by the brightness S, and extending the 
lower limit of integration to -°°. Since 
S = A/R 2 (t Q ) (1 + 2) 2 s 2 and 7?O 0 ) = (l+ 2 )fl(t E ) (from eqns 
(10.45) and (10.43)) the result is (with = 0) 


E = 4neAN„ 


f 


d t r 


(1 + 2 ) 


and so r(equiv.) = 


4 nAN Q ot.j 


- j_ r° 

*h J 

_ oo 


dt r 


d + 2) 


4 * 


Using eqn (11.11) for l + s, and also the fact that 
tjj = 1/tf, we find 

f° 

r(equiv.) = exptfdt E = 0.25. 


In model MGR the same procedure is used, starting with 
eqn (11.48) and extending the lower limit of integration 
to zero. The result is 


(using 1 
Since 


2_o f 

o I 


t E dt E 


/■ t(1 dt_ AnaAM 

* = 4naAN o j Tirfy = 

0 

+ 2 = /?(t 0 )//?(* E ) = t Q /t E from eqn (11.18)) 
= tjj for Milne models this implies 


M‘° 

'0 0 


4 E dt E = 


r (equiv.) 


0.5. 
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APPENDIX A 


(A.l) If v = 0.6c then from eqn (A.2) 3 = 1.25, so by eqn 

(A.3) a time interval of 1 year on the ship corresponds 
to 1.25 years in S. The ship therefore moves a distance 
(0.6 x 1.25) = 0.75 light years in S between emitting 
successive signals, and the travel time of a signal 
emitted at distance x light-years from 0 is a: years. 
Labelling the emission of the ^th signal by E^ and its 
observation at 0 by CK, the following table is easily 
checked, and implies the results asked for. 


Number of signal, i 


1 

2 

3 

4 

5 

6 

7 

8 

H 

m 

Ill 

x-coordinate of 

E . 

t 

0.75 

1.5 

2.25 

3 

2.25 

1.5 

0.75 

0 

m 

Ill 

t-coordinate of 

E . 

1.25 

2.5 

3.75 

5 

6.25 

7.5 

8.75 

10 

cf 

O 

Ill 

t-coordinate of 

0. 

2.0 

4.0 

6.0 

8.0 

8.5 

9 

9.5 

10 

Note 

that if v = 0 

. 6c 

, 1 + 

2 = 

fl.6 

\074 

f- 

2 , so 

the 

time 



interval between observations of signals emitted on the 
outward journey is 2 years, in agreement with the table. 
Similarly, if v = -0.6c, 1 + z = 0.5. 


(A.2) Eqn (10.3) remains valid for a galaxy moving in a gener¬ 
al direction, and must be supplemented by A r = = 

v cos d where = v cos O is the radial component 

of velocity of the galaxy. It follows at once from 
(10.3) that A= At E [l+ (y cos 6)/c]. However, the direc¬ 
tion of motion is irrelevant to the time dilation factor 
of eqn (A.3), so that eqn (A.4) gives 


1 + z = 

as required. If d 
ered. If d = 180° 


At 0 At E 


a *e a '*e 


= 8 1 + 


( 1+ iL££s_S) 


= 0 then cos d = 1 and (A.5) is recov- 
then cos O = -1 and 


1 + 2 


1-t>/c _ 1-v/o _ 

(l-t> 2 /<3 2 ) % {(1-V/C) (1 + W/C) [T+v7cf 


which is eqn (A.6) with the sign of v reversed. 
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The condition for zero red-shift is 
2 

1 = c P-- ^ or if y = v/c and x = cos d, 

1 = -W-(1 +xy) 2 \ 

(1 -y ) 

2 2 2 
1 - y = 1 + 2 xy + x y ; 

2 

z/j: + lx + y - 0. 

This is a quadratic in x, with solution (since \x\ < 1) 

. = -i * /d-^ 2 ) 

y 

and v - 0.8c gives cos d = ^ o + ~ ”0.5, so d = 120°. 

(A.3) The maximum red-shift occurs when motion is radially 

away from the observer (0 = 0 in the notation of Problem 

(A.2)) and is z , where 
v JJ max 9 



(i) Since z = 2, it follows that 1 + v/c = 
v J max 

9(1 -v/c ), 10 v/c = 3, 

v = 0.8c. 

(ii) The maximum blue-shift occurs when motion is 

towards the observer (d = 180°), and its magnitude 

is 2 , , where 

bmax 9 



so that z = 2/3. 
bmax 

(iii) The minimum apparent brightness occurs for d = 0 
and is given by eqn (10.20) with eqn (10.29); 
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S 


min 


(1 + s. 


A 



A ( 1 -v/c\ 2 


max 


The maximum apparent brightness occurs for d = 180° 
and is obtained by replacing v by , so that 


S 


max 


v 


A 


2 



Therefore 


5 /S . = = 9 4 = 6561. 

max' mm \\-v7o) 


APPENDIX B 

(B.l) The table is obtained from formula (B.l) by simple 
algebra. 

(B.2) The period available for the measurement of the mass 
difference is the period T since the big bang, 

At ~ T~H 1 . The smallest mass difference which can be 
measured is given by 



whence Am = m(-6). 


(B.3) Using [ e] 



m 


h*H P G y c°e 


$w e r.y„ 6 „ e 


_ w a-Y+e/2 r 29+3Y+6+3E/2 r -S-B-2y-6-e 


Hence 


8 = |(3-6-3e), 3 = |(l-e-26), -y = J(2+6+|). 


Writing 6 = b/ 3, e = 2b 9 in 
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m 


5 




2 

5 e / 2 

a 


yields the required result. The time dependence is gov¬ 
erned by 


5 (l + 2? + 3fc ') 

m * G 


so that b f = -(l+b)/3 for the time-independent masses. 
Hence 

i .. b_ b^_ 

(**B\ ( c 5 ^ 15+5 b‘ 

" - VgT) a 


'tiff G 


2 rJ 


becomes m(-l)a . 


(B.4) Let us put 


[e] = [h a A Y ] 

= [(wz, 2 r‘ 1 ) a 7 , ' 6 z, Y r"" ir ] 


= [M a L 2 a+y T~ a - & - y ]. 


For this to be an electric charge, 


[«] = A 3 / 2 r - 1 


one needs 


a = 2a + y = a + 3 + Y = 1. 


It follows that 3=0, making the charge time independent. 
Also y = y* Hence 


(he)^ or e 2 ~ h<?. 


The coefficient of proportionality, k f is in this case 
just the fine-structure constant a = 1/137. 
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2 

(B.5) The quantity to be considered involves e , which can 

always be eliminated from considerations based on the 

2 

text by writing it as e = ah<?, i.e. in terms of the 
fine-structure constant. Hence we have 


,-l 


t = 


2 / 3 
e /me 


me ^ _ J_ me ^ _ J_ m ( - 1) 

2„ ” a 

e H 


hcH 


a h H/c 2 


It is an algebraic consequence of (B.l) 


» - ">(9) _ [m(- 1) 

N - ^tftt - Ufft. 


= I wC-1) 

a m(-6) 
that 


Hence 


t = SN/a ~ 67.1 x IQ 41 . 


(B.6) We have to replace the reduced electron mass by jm n , 

as explained in the text, and e 2 is replaced by Gm ^ 2 . We 
ignore the difference between electron and neutron mass, 
by using m(-l') for both and the gravitational radius of 
a stable particle is 

2 Gm^ 2Gw(-l) 

r G 2 2 

me e 

From eqns (B.6) and (B.7) 


Hence 


r = £ = c <M£i 

h H ° 3 

e 


**G „ w ( - 1) 1 

r, m(9) ilT 

n 


(B.7) 


The time 


t 


P 


is given by m(p) ~ m(-l). 

1 r hG f t p ) 

~ [“7“ 


This implies 


Hence 



he 


hc(t p ) 

5 

C? 


h 
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APPENDIX C 

(C.l) We have to solve the cubic equation 

y 3 + Spy + It = 0 (C.1.1) 


with 


p = -(3a) 2 , t = ^o 2 (1-2a), y = <? + 1 - 3a. (C.l.2) 

The nature of the roots of the reduced eqn (C.1.1) is de^ 
termined by the values of 

p 3 + t 2 = ^o 4 (1-4o). (C.l.3) 

Irreducible case: a > j. Here (C.l.3) is negative 
and there are then known to be three real solutions, 
z/ 1 , z/ 2> say, which can be given in terms of an angle 
cp, defined by 


cos cp = -£//(-p 3 ) = 1 - 1/2a. 


Then 


y l = 2/(-p) cos (;o/3) = 6a cos(cp/3), 
y 2 = -6a cos(cp/3 + ti/3), y^ = -6a cos(cp/3 - ti/3). 

The values of q which are implied are q . = y . - 1 + 3a 

d d 

(j = 1,2,3). For q* in eqn (C.13) one must choose that 
value which ensures q > q*, i.e. the least of the three 
values q^ y q 2> and q^. This is achieved by 

q* = p( a ) = q = 3o - 1 - 6a cos (cp/ 3 - ti/3). 

This is the first of the results (C.14). 

1 3 2 

Case a < If p + t >0 there are one real and 
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two complex roots. Only the real root is needed and is 
given by 

2 3 1/3 23 1/3 

y x = [-t + • / 0 2+ p' 5 )] + [-* - /(s + p 3 )] 

Substituting from (C.1.2) yields the solution in the form 


q* = F (a) • q l * y l - 1 + 3o. 


This leads to a statement of the form 
is used. 

Case o = j. The inequality becomes 
q > q* = 2c-*) 1/3 + 3a - 1 = -2i 1/3 + 3a - 1 = -l. 


(C.2) Case a > 1. The angle cp in the irreducible case is now 
small, i.e. 


cos cp =§= 1 



_ 1 _ 

2 o* 


so that 


cp = ±(l/o) 1/2 


(C.2.1) 


Also 


F(o) 


3o|l - 

~ (p TI 

2 COS -=r COS 

+ 2 

sin ^ sin 6o| 

- 1 

3ajl - 

2(l-^)I + 2f 


- 1. 



This becomes for small (p and large a, using (C.2.1) 


F(o) = /3acp-1 = ±/(3a) - 1 = -/(3a). 

Since F(o) < q < -1, the negative sign has to be chosen. 
This yields the required result. 
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(C.3) From eqns 
writing b = 


CC.15) and (C.L7) one 
2a - 1 and x = by, 


has for a > q 9 


and 




0 «2°y'-V o 

It follows that, provided 2a > 1, 

2o -1 

Ht > (2o-1)' 3/2 J 
0 

We now prove that 

J(a 2 ) = | 


/x dx 
/(2o-x) ‘ 


(C.3.1) 


ra 2 -l 


/x dx 2 

- * - - a 


0 


/(a -x) 




. -1 1 
sm — 
a 


- /(a -1) (a ^ 1) 


2 2 

Proof. Let £ = a - x, then 

/xdx = L/(a 2 -t 2 )• (- 2i di). 

/(a 2 -x) * 

Hence 

J(a 2 ) = 2 J* /(a 2 -i 2 ) dfc = [i/(a 2 -* 2 ) + a 2 sin' 1 

1 (C.3.2) 

Combination of (C.3.1) and (C.5.2) with a 2 = 2a yields (C.18) 
for q < a. The cases q - a and q > o are treated simi¬ 
larly. 


(C.4) 


By eqns (C.3), (C.24), and (C.27) 



Since H^ is positive, it follows that 

-6 2 < X < 115.5 fl 2 

Omax 0 


(- 10 . 1 ) 
- 2 = 


max * 


= 38.5 

2 
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Since tf’ 1 < 19.4 x 10 9 years, B Q > 5.155 x 10" 11 years" 1 
and 


> 26 

.57 x 

10 

22 

years 

= 26 

.57 x 

10 


9. 

986 x 

10 

14 s 


* - 36 2 


Thus 


(tf 2 ) . = 2.661 x 10' 36 s' 2 , (fl 2 ) = 10.64 x 

\ 0/min * \ 0/max 


10- 36 s- 2 


From this one sees that 


-6.38 x 10' 35 s' 2 < X < 12.30 x 10' 34 s' 2 . 


(C.5) By eqn (C.4) 


It follows that 


ko f ^ „2 

— 2 - = (3a-<j-l)ff 
R 


3 a_ - <7 n . - 1 

Omax n Omm 


= f— 

W' 


= 85.2 + 10.1 - 1 = 94.3 


0 0 max 


^°Omin ^Omax 


= (—) 

V* 2 ' 


= -3. 


0 0 min 


As in Problem (C.4) it follows that 

2 

-3 H 2 < ——=■ < 94.3 H 2 

Omax 2 Omax 

R o 

so that 


-0.3192 x 10' 34 s' 2 < < 10.03 x 10' 34 s' 2 . 

*0 


(C.6) We have by eqn (C.2) 
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a Q = 4 txGp q C/ 3// o 


where G = 6.67 x 10" 11 m 3 kg -1 s~ 2 = 6.67 x 10" 8 cm 3 gm 
s~ 2 . Take tf" 1 as 10 10 years = 3.15 x 10 17 s. Then one 
finds that for dense clusters 


P 0 m - 


3 *o°o 

4t \G 


3 x 28.4 


4n(3.15) 2 10 34 x6.67xl0‘ 3 


1.02xl0' 27 gm cm' 3 . 


(C. 7) (i) Verify that for o Q = 28.4 one finds cp Q = 0.188 and 

2 cos --1.106. 

It follows that 

q > F( 28.4) = (85.2) x (-0.106) - 1 = -10.03 

in agreement with eqn (C.25). 

(ii) One finds, assuming q < 28.4 = o, 

,7 (28.4) = - 56 ' 8 [1.57-0.134] - 0.018 = 0.178. 

(55. 87 '^ 

It follows that > 0.178, and any assumed 

lower bound for represents a further con¬ 

straint only if it exceeds this value. In eqn 
(C.26) it is assumed that #q£q > 0.52, which is a 
genuinely additional constraint to what one can 
deduce from the assumption «0 <O 0 = 28 - 4 - 

(C. 8 ) By (C.14) cos cp = 0 when 2o = 1, so that 

F(o) =f(^)= §(1-2 cos 30°) - 1 =-|[3/3 - 1] = -2.098. 

Hence q > -2.1 by (C.13). 


(C.9) Approximate F(o) by working out the appropriate expres¬ 
sions for the various parts of F(o). Thus 
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' 5 (^)‘ /2 ' 


1/2 


2 a 


- 1 - a - 


Hence 


y 5 1 1 -^) 173 + 1 1 -^^) 173 = <-°) 1/3 + ( 2 i 


L \ 1/3 




Hence 


F(o) = 3o(l+y) - 1 = 3o 

= 3o - 3a 2/3 + 2o S/ ^ 3 - 1 


1 jT3 + l° 

a 


2/3-, 


- 1 


The terms with powers of a in excess of 2/3 can be neglec¬ 
ted . 

2 5 

(C.10) H = 100 km s" 1 Mpc’ 1 = — 10 xlQ = 0.324x10" 17 s" 1 . 
u 3.086x10 4 

1 year = 3.154xl0 7 s. 

*0 = 0.324x3.154x10" 10 years’ 1 = 1.022xl0‘ 10 years’ 1 


-1 


10 


0 = 0.978x10 years. 


(C.ll) The preceding problem may be used to infer, from H 0 in 
km s’ 1 Mpc" 1 , A. = 3H 0 2 L q , and ke 2 /R Q 2 = A^ 2 , that 

0.5039x10’ 33 £ . < A < 3.149xl0' 35 £ s " 2 (£„ . >0) 

0mm Omax Omin 

2 

0.1680x10’ 33 A . < ^ 5 - < 1.05xl0‘ 3S A n s’ 2 (K n . >0) 

0mm _ 2 Omax v 0mm J 

R o 

3.149x10’ 33 t . < A < 3.149xl0’ 35 t n s" 2 ( L n . < 0) 

0mm Omax v 0mm J 


1.0Sx 10’ 35 A. . < ^ < 1.05xl0’ 35 A n s’ 2 (A„ . < 0) 

Omin D 2 Omax v Omin 

*0 

The table can be constructed from these formulae. 
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(C.12) By eqn (C.2) 


p(t) " g h2 °■ 

One now substitutes the smallest and the largest value of 
2 

H o into this formula. 
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TABLE 

The elementary 

Particles with a continuing existence 
i.e. they are constant in number. 

They can be created (or destroyed) only if an appropriate antiparticle 
is simultaneously created (or destroyed). For example, the neutron n 
decays to a proton p, an electron e and an antineutrino v: n^p+e'+v; 
this conserves the number of baryons (one, before and after) and creates 
a 1epton-antilepton pair: e +v; particles are counted positive, anti¬ 
particles negative, so the total number of both leptons and baryons 
remains constant. 

They are all fermions. 


LEPTONS BARYONS 


mass: light 

mass: heavy 

QUARKS 




j electron e” | 
neutrino v 

! nucleons{P roton P | 

(neutron n 

u,d,s,c 

Conjectured as an 
of the observed 

strange baryons: A,E 

muon y 

doubly-strange baryons: 5 


muon-neutrino v 

u 

triply-strange baryons: fl” 
charmed baryons 

Baryon = 3 quarks 
bound by 
gluons 


plus excited states 


Hadrons: particles sensitive 


Can be involved in 


Can be involved in the 


Can be involved in the 


The 1930 table would have had only the three entries in dotted boxes. 
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1.1 

particles * 


Particles which are carriers of interactions 

i.e. they are required to carry forces between particles; they may also 
exist on their own. 


Their number is not constant: they may be created (or destroyed) in 
interactions. 

For example, photons can be emitted (or absorbed) by atoms: the number 
of photons does not remain constant. 


They are all bosons. 



MESONS 

INTERMEDIATE 
VECTOR BOSONS 

PHOTONS 

GRAVITONS 


(carriers of 
strong inter¬ 
action) 

mass: medium 
to heavy 

(carrier of 
the weak 
interaction) 

mass: very 
heavy 

(carrier of 
electro¬ 
magnetism) 

mass: zero 

(carrier of 
gravity) 

GLUONS 



pion n 

(W + ) 

M 

? 

interpretation 

hadrons: 

kaon 

n,w. ... 

r —\ t —\ 

3E tNl 

1 o 



Meson = quark+ 
anti- 
quark 


(not yet 
observed) 




plus excited 
states 


to the strong interaction 


the weak interaction 


electromagnetic interaction 


gravitational interaction 

*We are indebted to Dr. J.G. McEwen, Physics Department, Southampton 
University, for his help in the design of this table. 



























